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Abstract 
Since the boom of rail track infrastructure investment in the mid – 1900s, each rail 
track has gained significant efficiency in the infrastructure maintenance area as the 
result of advanced developments in rail grinding, damping systems and lubrications. 
Even with these advanced technologies, routine maintenance cost is an ongoing 
problem to the rail industry and yet, still no systematic guidelines have appeared to 
reduce this cost. Making things worse, it is believed that sources such as geotechnical 
issues, environmental causes, and corrosion do not have any diversely significant 
influence on the routine maintenance budget, other than on the underperforming 
guidelines. In reality, more than 60% of the annual maintenance cost is allocated for 
track geometry maintenance, which mainly depends on geotechnical issues combined 
with the underperforming conventional guidelines. Conventional experimental 
methods such as cyclic triaxial compression and Californian bearing (CBR) tests are 
the core of the current track design guidelines. These experimental approaches are 
highly conservative in accounting for the stress state of subgrade materials under real 
traffic conditions due to an inadequate ability to replicate the principal stress axis 
rotation (PSAR). Drawbacks of the current experimental methods in producing the 
PSAR effects on the residual and resilient deformation characteristics of rail track 
subgrade materials - such as higher initial and operational cost, difficulties in 
controlling loads, limited sample geometry, and strict government policies - highlight 
a requirement of a simple laboratory element test.  
Towards this aim, a new simple torsional experimental method is developed in this 
research work to produce a similar stress state induced in the rail track subgrade 
material under real traffic loads. This research proposes a new experimental method, 
called a modified multi-ring shear (MMRS) apparatus, to account for the strength-
deformation characteristics of unsaturated subgrade materials. Referring to model 
rail track and torsional hollow cylindrical test results, the performance of this new 
experimental approach was evaluated to estimate the PSAR induced plastic 
deformation of subgrade materials.  
A series of static torsional shear tests on unsaturated Toyoura sand, which was 
performed with this newly developed apparatus showed that the water menisci 
effects of unsaturated subgrade materials regulate the mechanical properties of 
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subgrade soils. This study further highlights correlation between this mechanical 
response and the residual and resilient deformation behaviour of unsaturated 
subgrade materials under different cyclic loadings: cyclic single point load (repeated 
axial load) and cyclic moving wheel load (repeated axial and shear load). It further 
analysed the shear and cyclic plastic deformation characteristics of rail track 
subgrade material, which is subjected to both monotonic and cyclic loadings.  
It further proved that cyclic single point loadings can significantly underestimate the 
cyclic plastic deformation compared to cyclic moving wheel loading, due to the 
absence of the PSAR effects. This study showed that a simplified version of the 
subgrade rutting failure criteria explained in the Japanese pavement design manual is 
an approximation method of the residual and resilient deformation characteristics of 
unsaturated subgrade materials with the loading cycle number under any loading 
condition. Furthermore, the proposed parameter named as a ratio of axial strains in 
this study, is a regulator to calculate the effects of the PSAR on the cyclic plastic 
deformation of subgrade materials, using the results of the SPL test (conventional 
cyclic triaxial test). 
With use of results of the monotonic loadings, this research further provides 
validated techniques of Finite Element methods to model the rail track subgrade 
deformation properties with the effects of the PSAR, using the results obtained from 
the MMRS apparatus. Using the general purpose finite element software ABAQUS, 
the validated elastic-plastic two-dimensional FE analysis was carried out to evaluate 
the effects of train speed, loading method and axle load on the deformation 
characteristics. The results of this FE analysis highlight that these validated FE 
models can produce stress-strain relationships of subgrade materials under real train 
traffic. The importance of the MMRS test results in validation steps of FE models to 
obtain actual plastic deformation and stress state under real conditions was 
highlighted.    
Considering all these facts, it can be concluded that the newly developed 
experimental method in this research work under the effects of the PSAR can 
produce the realistic strength-deformation characteristics of unsaturated subgrade 
materials, which can be used to redesign the conservative rail track guidelines.     
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Chapter 1: Introduction 
1.1 BACKGROUND 
Rail tracks that are designed to safely transfer train traffic loads to the track 
foundation have two primary types: ballasted and non-ballasted. In high-speed train 
(HST) lines, both sleepers and ballast layer are replaced by a discrete reinforced 
concrete slab and these tracks are known as non-ballasted tracks. As HSTs are only 
limited to several countries, traditional ballasted rail networks are still fundamental 
to the economy of a country. Rail track foundation is one of the critical elements in a 
rail track structure, since it controls the stability of track structure and geometry of 
the whole track. Each element of rail track superstructure and ballast layer is easy to 
rectify during the maintenance cycles. However, any track deterioration process 
stems from the subgrade associates with numbers of complexities, and some 
remedies can also catalyse the track degradation process. For example, up to 68% of 
total maintenance cost over the period of 1999-2004, of the Broodsnyerplass to 
Richards BayCOAL link, in South Africa, were associated with track foundation 
failures (Gräbe, 2002). Repeated traffic loading is the key reason behind most of the 
causes of track foundation failures. Current guidelines provide no reference to the 
cumulative plastic settlement with the cyclic loadings in designing new rail tracks, 
except for the Li and Selig (1998a) design method (Burrow et al., 2011; Dareeju et 
al., 2014).  
All available guidelines are, however, based on simple monotonic tests such as the 
Californian bearing (CBR) test or simple cyclic loading tests such as cyclic triaxial 
tests, neglecting the effects of principal stress axis rotation (PSAR) on the cumulative 
plastic settlement of rail tracks. Change in principal stress axis of a given soil 
element with the position of the train wheel is the definition of the PSAR. The PSAR 
of subgrade materials can affect both the cumulative plastic deformation, and 
resilient response (Gräbe & Clayton, 2009, 2014). A study of a rail track in the UK 
showed that thickness of the ballast layer increased between 0.9 m to 1.3 m over the 
years, due to the additional ballast during the maintenance activities (Burrow et al., 
2011).  
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Behaviour of mechanical and physical properties of subgrade materials under real 
traffic conditions creates significant diverse track degradation processes in rail 
tracks. Three categories of the causes of rail track foundation failures - load, soil and 
environmental factors - can deteriorate the mechanical and physical properties of 
subgrade materials. The combined or individual performance of the loading factor, a 
function of overburden pressure, cyclic train load, and train speed, the soil factor, a 
function particle size distribution (PSD) and percentage of fine particles, and the 
environmental factor, a function of soil temperature and degrees of saturation, 
controls this deterioration process under real traffic loads. Performance of these 
factors under the effects of PSAR on the residual and resilient deformation 
characteristics is yet to be sufficiently evaluated. 
Subgrade water content/degree of saturation is one of the key triggering factors of the 
rail track foundation failures, where only seasonal wetting and drying cycles of 
subgrade water content can cause foundation collapses (Kodikara, 2012; Li et al., 
2015). Infiltration of water during rainy seasons and seasonal variation of the ground 
water level causes fluctuation in subgrade water content, introducing the unsaturated 
material properties. However, fully saturated or dried subgrade materials are the most 
common experimental approaches used to evaluate the deformation behaviours of 
subgrade materials under the effects of the PSAR (Gräbe & Clayton, 2009, 2014; 
Powrie et al., 2008; Yang et al., 2009). These two common practices, which happen 
during extreme floods or drought periods, are however, very occasional in the field. 
Knowledge of PSAR effects on the deformation characteristics of unsaturated 
subgrade materials of rail tracks is therefore very limited.  
Available options to account for these factors with the PSAR effects such as 
laboratory element tests, small scaled models, field observations, and numerical 
analysis, are subjected to higher initial and operational costs, difficulties in 
controlling loading conditions, restrictions and strict policies, and less data 
availability. These limitations highlight a requirement of a new simple experimental 
approach to evaluate the effects of the PSAR on the behaviour of residual and 
resilient deformation characteristics of unsaturated subgrade materials under 
repeated/cyclic loadings. Development of a new simple experimental method to 
evaluate the real deformation characteristics of subgrade material under real traffic 
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loads is therefore promising to the rail industry from both environmental and 
economic perspectives, in designing or maintaining healthy rail tracks.        
1.2 RESEARCH PROBLEM 
The influence of cyclic loads on the deformation characteristics and strength 
characteristics of rail track subgrade with any saturation condition has been properly 
addressed over the last couple of decades, using conventional experimental methods. 
These conventional experimental methods are however unable to replicate the actual 
stress state of track subgrade under moving wheel load due to the absence of the 
effects of PSAR. Considering the limitations highlighted on the limited engineering 
methodologies to replicate the effects of PSAR, the research problem for this study is 
developed. Following are the key elements of this research problem; 
• Currently available options to replicate the effects of PSAR such as the 
Hollow cylindrical test and small scaled model tests associated with 
drawbacks such as higher cost, difficulties in controlling the train loads, and 
especially dimension dependency. For example, sample size of the hollow 
cylindrical tests depends on the mould size. These reasons promote the need 
of developing a simple experimental methodology to evaluate the effects of 
PSAR of rail track subgrade. 
• Load, soil, and soil environmental factors control all the failure modes of rail 
track foundations, including primary failure modes: progressive shear failure 
and excess plastic deformation. Understanding the performance of these three 
factors under moving wheels, on the rail track degradation process, is 
important in rail track foundation designs. Unavailability of these 
performances can underestimate the design parameters of track foundations, 
introducing serious consequences to the rail industry. These fundamental 
issues highlight the requirement of a resilient technical background with 
enough evidence to evaluate/predict the correlated effects of PSAR and these 
three factors on the degradation process of track foundations. 
• Due to their availability, cyclic triaxial tests are the most common 
experimental method used in both research and industry. As this conventional 
experimental methodology underestimates the track degradation process 
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under moving wheel load, an empirical method is required to account for the 
effects of PSAR on the degradation process, using cyclic triaxial test results.    
The aim and objectives of this study are defined to investigate these key elements of 
the research problem. 
1.3 AIM AND OBJECTIVES 
The aim of this research is to develop a new experimental methodology for 
investigating parameters affecting the deformation characteristics of the unsaturated 
subgrade materials of a rail track foundation. 
The aim of the research is achieved through the following objectives: 
1. Develop a new experimental method using the multi-ring shear apparatus to 
evaluate deformation characteristics of fined-grained subgrade materials with 
the effects of PSAR. 
2. Examine the effects of load, soil, and soil environmental factors on the shear 
behaviour and cyclic plastic deformation behaviour of fine-grained subgrade 
materials under different loading methods. 
3. Develop the methods to estimate cumulative plastic deformation induced by 
PSAR. 
4. Develop FE models to investigate the applicability of the MMRS test results 
in actual problems. 
Figure 1.1 illustrates the flow chart of the research process, to answer the research 
problem defined after a comprehensive literature review. In the flowchart, changing 
the vertical stress of the stationary wheel with the time is called the single point load 
test and moving wheel load is replicated by simultaneously changing both the 
vertical and shear stresses with time.   
.   
 
 PERFORMANCE EVALUATION OF UNSATURATED RAIL TRACK FOUNDATIONS UNDER CYCLIC MOVING WHEEL LOAD 23
 
Figure 1-1 Flow chart of research process 
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1.4 SIGNIFICANCE OF THE RESEARCH 
Following are the key significances of this study: 
• This will extend confidence in the rail industry to account for the 
effects of PSAR in the track design or maintenance processes.  
• Promote a new experimental method in accurately evaluating the 
material performance under real traffic conditions. This would reduce 
the underestimation of strength-deformation properties of rail tracks, 
resulting in the reduction of maintenance cost.  
• Reduction of the frequency of the maintenance cycles decreases natural 
resource usage for the tamping process.      
• Strengthen the information on the shear behaviour, and cyclic 
deformation behaviour of fine grained unsaturated soil. This will help 
to develop a highly performing rail track substructure with enhanced 
life time.  
• Modified equations, to predict the plastic deformation of subgrade and 
account the PSAR effects for the cyclic triaxial test results, promote 
methods to accurately predict the frequency of maintenance cycles 
induced by the rail foundation of new and existing rail tracks. This will 
eventually reduce the maintenance cost.     
1.5 SCOPE OF THE RESEARCH   
This research is mainly based on two different study approaches: laboratory element 
tests and FE analysis. In the finite element approach, the response of subgrade 
materials was examined using nonlinear finite element models. ABAQUS finite 
element software was used to evaluate the behaviour of subgrade, under one loading 
cycle. Nonlinear behaviours of ballast, dampers, sleepers, and rail were not examined 
in this study and train load was modelled as a half bogie. Also, both experimental 
and FE modelling approaches were limited to a relatively small amount of loading 
cycles compared to real-word problems. When applying the research findings to real-
world problems, estimated properties from this study may therefore underestimate 
the real properties of rail tracks. 
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Limitation of the experimental study 
This research developed a new experimental method to account the effects of 
principal stress axis rotation of soils on the cumulative plastic deformation of rail 
track subgrade. For this purpose, the multi-ring shear apparatus was modified to 
perform three different experimental methods: static torsional shear, cyclic single 
point load (conservative cyclic triaxial test), and cyclic vertical and shear load (cyclic 
moving wheel load test). All cyclic loading experiments were conducted under 
relatively slow rates. At the higher loading frequencies (train speeds), it is unable to 
control the loading conditions of the modified apparatus. Also, during the static 
torsional shearing, all samples were only sheared to a shear strain of 3% due to the 
capacity of the torque (load) transducer. For all calculations, this study therefore used 
the shear stress at a shear strain of 3% as the maximum shear stress. This may 
underestimate the strength properties of soil materials used in this study.  
As the soil specimens were partially sealed (at the top of the specimen), suction was 
not controlled in this study. Only consolidated drained conditioned were adopted 
during loading steps and pore pressure was not therefore measured. Geometry 
properties of the specimens were kept constant for all experiments. Height, inner 
diameter, and outer diameter were equal to 100 mm, 120 mm, and 240 mm, 
respectively. Only Toyoura sand and glass beads were used to investigate the 
subgrade behaviour under the effects of PSAR. The effects of cohesion were 
therefore not investigated in this study.  
1.6 THESIS OUTLINE 
This thesis consists of ten chapters. Chapter 1 presents the research background, 
development of research problem, aim and objectives to address the research 
problem, significance and scope of this study. Available background information is 
summarised in Chapter 2 under literature review. It highlights the types of track 
foundation failures and their causes, pros and cons of the conventional design 
methods, and finite element modelling of rail track foundation. Chapter 3 describes 
the testing material properties determined with classification tests and test conditions, 
and development of experimental conditions for the validation of the new 
experimental method, and the parametric experimental series with monotonic 
shearing, cyclic single loading, and cyclic moving wheel loading. Suitability of 
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multi-ring shear apparatus for coarse-grained subgrade materials and effects of 
particle size distributions of coarse-grained subgrade materials on the cumulative 
plastic deformation is examined in Chapter 4. Development of the new experimental 
method to account for the effects of principal stress axis rotation and its applications 
is explained in Chapter 5. Chapter 6 explains the shear behaviour of fined-grained 
subgrade materials under multi-ring shear loadings. Parameters of load, soil, and soil 
environmental factors are examined to evaluate the shear behaviour of subgrade 
materials. Development of comprehensive finite element models to simulate the 
loading conditions, validation carried out for the developed finite element model, and 
applications of the model using a parametric study are shown in Chapter 7. Chapter 8 
describes the cyclic plastic deformation behaviour of fined-grained subgrade 
materials under cyclic single point loading and cyclic moving wheel loading. A 
modified empirical equation is proposed in this chapter to evaluate the cumulative 
plastic deformation with loading cycle number and soil resilient behaviour is also 
examined with cyclic loading number. The influence of principal stress axis rotation 
of fine-grained subgrade materials on the deformation behaviour is discussed in 
Chapter 9, together with the influence of rotation angle of the principal stress axis on 
the design parameters. A modified equation is proposed to evaluate the effects of 
principal stress axis rotation on the deformation behaviour, only using the results of 
cyclic single point load tests. Chapter 10 finally concludes the research and 
significant findings along with suggestions for future work.        
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Chapter 2: Literature Review 
2.1 RAIL TRACK STRUCTURE 
To achieve the planet’s sustainable goals, many national transport providers are 
shifting their transportation strategies towards rail from road and air, especially in 
highly populated zones. Rail, as an effective transportation mass, is rapidly growing 
as a key solution for lack of space, lack of safety and congestion suffered in highly 
inhabited zones. Qualitative and quantitative outcomes from a healthy rail track 
network lead to the provision of a better customer satisfaction towards the rail 
industry. Either a ballasted or non-ballasted (ballastless) rail track comprises two 
major zones named as superstructure and substructure as shown in Figure 2.1. Rail, 
fastening system, and sleepers are the key elements in ballasted rail track 
substructure, while substructure includes ballast layer, sub-ballast layer/capping 
layer, and subgrade. In non-ballasted rail tracks, sleepers and ballast layer are 
replaced using a reinforced concrete slab. Non-ballasted rail tracks are common in 
high-speed train lines as higher speed trains increase vulnerability of ballast breakage 
in the ballasted rail tracks. 
Order of the rail track element is designed to ensure a maximum stress reduction on 
the subgrade layer by the trainload, which is the source of major track failures and 
the maintenance cost. Loading conditions of a rail track can be categorised into two 
groups: high frequency loads (> 100 Hz) and low frequency loads (around 50 Hz) 
(Nicks, 2009) as illustrated in Fig. 2.2. High frequency load (P1), high amplitude 
within a short distance can be as higher as 3.5 times the static load, while 2.5 times 
for low frequency load (P2), which has lower amplitude in a long distance. P1 impact 
load results in sleeper cracking, after reaching its maximum permissible limits and 
P2 load leads for high maintenance costs due to ballast layer and subgrade 
degradation.     
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Figure 2-1 Rail Track section: (a) Ballasted (Adopted from Selig & Waters, 1994)  
(b) Non-ballasted (Adopted from Gräbe, 2002)  
 
 
 
Figure 2-2 Dynamic forces on a track (Adopted from Zarembski et al., 2001)  
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2.1.1 Superstructure 
Superstructure absorbs the energy of high frequency loads (P1 loads), reducing the 
impacts on the subgrade by decreasing wheel/rail contact stress by nearly 99% at the 
ballast top level (Esveld, 2001). Rail serves a guide for the train wheels by 
transmitting the trainload to the lower levels. AS 1085.1-2002 (Standard, 2002) 
specifies the general requirements and specifications of steel rail for the Australian 
rail tracks. Sleepers normally act as an elastic medium between the rail and the 
ballast layer, which absorbs the energy from the rail/wheel contact and avoids both 
longitudinal and lateral track movements. Absorbing energy from the moving train 
load depends on the material type of sleepers such as timber, concrete, and composite 
plastic (Sasaoka & Davis, 2005). AS 1085.14-2012 (Standard, 2012) describes the 
required characteristics of the sleepers in Australian rail tracks. 
2.1.2 Substructure  
Substructure is mainly vulnerable for low frequency loads (P2) in providing a safe 
and comfortable rail network, since any negative response of substructure can lead to 
catastrophic disasters in the rail industry. Properties and thickness of the top layer of 
the substructure (ballast layer) control the uniformity and stability of sleeper support, 
elastic and dynamic resiliency of the track, excessive plastic deformation and 
progressive shear failures of subgrade, overall permeability of the track and noise 
absorbance (Indraratna & Salim, 2003, 2005; Indraratna et al., 2001; Selig & Waters, 
1994). AS 2758.7-1996 (Standard, 1996) states the specifications required for 
Australia ballast to later ensure a durable, angular, and uniform layer. To prevent 
mud pumping, cyclic pore water pressure dissipation, and further reduction of energy 
on the subgrade, a sub-ballast layer/ capping layer is placed between the ballast layer 
and subgrade (Selig & Waters, 1994). Subgrade quality, annual gross tonnage, and 
rail speed controls the performance of the sub-ballast layer (Burrow et al., 2007; 
Burrow et al., 2011; Dareeju et al., 2014). Subgrade, which contains two subparts as 
natural ground and prepared subgrade, is known as the platform of any rail track. 
Any negative response of the subgrade can gradually transmit into the upper 
elements of the rail track, resulting in poor track geometry, which leads to serious 
issues overall in the rail track. Subgrade resilient modulus and thickness critically 
impact on track modulus, which is the key indicator of track quality, even though 
each element in the rail track contributes to it (Farritor, 2005). 
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2.2 TRACK FOUNDATION FAILURE 
Uniformity of mechanical properties and perfect geometry are the key factors to 
reduce safety hazard levels in rail tracks. Poor track geometry/ track degradation 
stems from the behaviour of mechanical and physical characteristics of the rail track 
foundation. Causes of subgrade failures can be categorised into three groups: load 
factor, soil factor, and environmental factor (soil moisture and temperature) (Li & 
Selig, 1995). The load factor is an external factor, which is a function of self-weight 
of rail structure and cyclic train loads. The self-weight of the structure is the key 
triggering factor for massive shear failures and consolidation settlement of a rail 
track. Cyclic train loads cause the primary failure modes of a rail track subgrade: 
progressive shear failure and excessive plastic deformation. Particle size distributions 
of rail track subgrades are not consistent, similar to sub-ballast layer or ballast layer 
within the whole length. Availability of gravel or sand as subgrade material is 
occasional, while fine-grained soils are common. Higher plastic characteristics of 
fine-grained soil weaken the performance of subgrade, especially with subgrade 
water content. The influence of soil factors on the track foundation failure mostly 
depends on the finer particle percentage. As coarse-grained soil types are 
insignificantly influenced by the subgrade water content, fine-grained soils are highly 
vulnerable to environmental factors. With increasing subgrade water content, 
strength and stiffness of fine-grained soil is significantly reduced, resulting in higher 
plastic deformation under cyclic train loads, consolidation settlement or massive 
shear failures. Global warming and seasonal variation of rainfall, evaporation, and 
soil suction can control the water content of fine-grained soils. A range of 
complexity is exhibited with these seasonal variations in unsaturated soil, even 
introducing collapse mechanics by wetting and shrinking cycles (Kodikara, 2012). 
Soil suction of unsaturated soils becomes a key factor to control effective shear stress 
of soil, where metric suction is a function of particle size distribution (PSD), soil 
type, fine particle percentage, soil fabric orientation, and drainage boundary 
conditions (Bishop, 1959). Rajeev et al. (2012) further concluded that soil suction is 
highly sensitive to climate changes. Soil temperature becomes a governing factor to 
control the track foundation failures in cold regions, as soil freezing and thawing can 
control permeability, stiffness, and strength (Ishikawa et al., 2013).   
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Considering frequency and significance, causes which lead to poor track geometry 
and track foundation failure can be divided into two major categories: primary and 
secondary. Most of the contribution factors depend on the local site conditions. 
Diagnosing the key causes of a particular site according to the categories can 
therefore reduce the capital expenditure of rail. Due to the localised dependency of 
these contribution factors, developing a “one size fit all” type solution is challenging 
(Nicks, 2009).  
2.3 CAUSES OF TRACK FOUNDATION FAILURES 
 Progressive shear failure and excessive plastic settlement are the primary failure 
modes of rail track subgrade (Selig & Waters, 1994). Figure 2.3 illustrates subgrade 
progressive shear failure. Rail track subgrade is gradually sheared and remoulded 
under repeat overstressing, resulting in subgrade shear failures (Li & Selig, 1998a). 
Because of repeat overstressing, surface soil moves upwards and sidewards, 
following the least resistance path (Li et al., 2015). Heave of soil at the subgrade-
sub-ballast interface inhibits the drainage of water, escalating the subgrade 
progressive failure. Subgrade with fine-grained soils, particularly with higher clay 
percentage, is highly vulnerable to the subgrade shear failure under cyclic loads. 
Under repeated traffic load, a rail track subgrade can be more subjected in the 
progressive shear failure at a stress level lower than its monotonic strength (Loh & 
Nikraz, 2012). Considering this fact, Heath et al. (1972) introduced threshold stress 
to measure the strength of subgrade. Burrow et al. (2011) argued that cyclic loads 
can cause increasing plastic deformation above the threshold stress, while reducing 
to a stable condition below the threshold stress. 
Higher excessive plastic deformation with the cyclic loads can result in ballast 
pockets as shown in Figure 2.4. The excessive plastic deformation depends on  the 
vertical component of progressive shear deformation, deformation caused by 
progressive compaction, consolidation of whole rail track subgrade, soil type and its 
structure, and soil-water characteristics (Li & Selig, 1996; Li & Selig, 1995). Water 
collected within these ballast pockets can further weaken the subgrade introducing 
mud-pumping (Burrow et al., 2011). 
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Figure 2-3 Progressive shear failure (Adopted from Li & Selig, 1998a)  
 
 
 
Figure 2-4 Excessive plastic deformation (Adopted from Li & Selig, 1998a) 
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Table 2-1 Causes of track foundation failure (Li & Selig, 1995) 
 
Name Reasons 
Progressive shear failure cyclic over stress, fine-grained soil, high water 
content 
Excessive plastic deformation cyclic over stress, loose soil 
Subgrade attrition  cyclic loading of subgrade by ballast, interface 
between ballast and subgrade, presence of water, 
clay rich soil  
Liquefaction cyclic loading, saturated sand or silt 
Massive shear failure weight of track structure and train, inadequate soil 
strength 
Consolidation settlement weight of track structure, saturated subgrade 
Frost action Periodic freezing temperature, free water 
Swelling/shrinkage highly plastic soil, fluctuation in water content  
Slope erosion Running surface water, wind 
 
Key triggering factors of the rail track foundation failures are cyclic loading, fine- 
percentage, and subgrade water content as illustrated in Table 1.1. Design 
frameworks of rail track foundation should therefore account the effects of these 
three triggering factors to prevent at least two primary failure modes, especially in 
upper layers, where experienced stress is significant (Burrow et al., 2007). Fine-grain 
percentage and subgrade water content are two internal factors in controlling the 
track foundation failure. Cyclic loading is however an external factor, which is used 
in laboratory experiments to represent train traffic loads.   
2.4 DESIGN PARAMETERS OF TRACK FOUNDATIONS 
An appropriate design solution for a given train track, with the local site conditions, 
is critically challenging, as both primary and secondary causes are not completely 
independent. There are empirical and mechanistic-empirical approaches that are 
available in current design frameworks to prevent primary causes of the track 
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foundation failures. Loading on the rail track foundation, cumulative plastic 
deformation, resilient response, and principal stress axis rotation are the key 
engineering aspects to consider in developing an appropriate design solution for rail 
track foundations. 
2.4.1 Load on track foundation 
Any rail track foundation is subjected to three loading conditions: static, cyclic, and 
dynamic. To design and remediate a rail track foundation, the quantification of the 
load environment is important (Li et al., 2015). Combined effects of live loads from 
train weight and dead load weight of the rail structure are known as a static load on a 
rail track foundation. Effects of dead load are hidden in track foundation design 
guidelines; however, live load is dominant. A conventional guideline is based on the 
actual axle load in foundation designs (Burrow et al., 2007; Burrow et al., 2011; 
Dareeju et al., 2014). Table 2.2 illustrates the typical axle loads of heavy axle load 
(HAL) and high-speed trains around the world. Cumulative tonnage (axle load) 
within rail track lifetime is important compared to axle load in designing a healthy 
train track (Li & Selig, 1998a). For an example, Australian railway tracks (heavy 
haul class) experience a higher annual tonnage, 100 MGT, compared to other 
countries, where in the UK, it is 15 MGT/year with mixed traffic (heavy haul and 
passenger) (Burrow et al., 2011) and in the USA, 60 MGT/year with heavy haul (Li 
& Selig, 1998b). All conventional guidelines except Li & Selig’s (1998a) method 
however neglect the influence of cumulative tonnage, but only axle load. Due to this 
limitation, required ballast layer thicknesses for the rail tracks with the annual 
tonnages of 15 MGT and 100 MGT will be constant under a similar axle load.    
Subgrade shows completely different behaviour with cyclic and dynamic loads 
compared to the behaviour under single static load for the similar magnitude of axle 
load (Li & Selig, 1995). The authors further highlighted that shape, duration, 
magnitude of the pulse, time between consecutive pulses, and number of pulses 
control the characteristics of cyclic loads. In cyclic loads, there are two common 
pulse shapes, trapezoidal and haversine, where pulse generated by single axle load 
can approximate by haversine and two or four axle loads by trapezoidal. Train speed 
controls the duration of the pulse, while magnitude is controlled by combined effects 
of the considered number of axle loads. Li et al. (2015) argue that the number of 
loading cycles can be calculated from Eqs (2.1) – (2.2), using the effects of two axle 
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loads. Dynamic loads, which are known as short duration forces, can be categorised 
into two subclasses: high frequency (P1) or low frequency (P2). Vehicle suspension 
system and track modulus irregularities (ex. transition zones) play the major role in 
controlling these two subclasses. P1 loads introduce serious consequences to the rail, 
wheel, and sleepers, while P2 loads have significant effects on substructure layers. Na = 106 2Pa�                                                                                                                 Eq. (2.1)     Ns = Na 4�                                                                                                                       Eq. (2.2) 
where:  
Pa: static axle load in tonne 
Na: Number of axle loads per MGT 
Ns: number of load applications per MGT for subgrade layer 
Table 2-2 Axial-load of trains around the world (Li et al., 2015) 
Train type Country Axle load (Ton) 
 
 
HAL 
Australia 35-40 
USA & Canada 33 
South Africa 26-30 
China 25-27 
 
 
High-speed 
Japan 16.1 
China 17 
German 19 
France 17 
 
2.4.2 Cumulative plastic deformation 
Single axle load on a well-designed subgrade shows resilient behaviour, however 
under cyclic or dynamic loads, it is subjected to cumulative plastic deformation 
(Gräbe, 2002). Loading state (magnitude of load, principal stress axis rotation, and 
number of loading pulses), soil type and its structure (particle size distribution, fine 
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percentage, and particle shape), and soil physical state (moisture content and soil 
temperature) control the cumulative plastic deformation characteristics of the rail 
track foundation. A number of constitutive models are available in the literature to 
approximate the cumulative plastic deformation under cyclic loads. The linear model 
is the simplest constitutive model to predict the cumulative plastic deformation of 
rail track foundation as given in Eq. (2.3). 
εp = A + BNc                                                                                                                Eq. (2.3) 
where: 
Ɛp: cumulative plastic strain 
Nc: number of loading cycles 
A, B: material constants 
The cumulative plastic deformation of rail track foundation does not generally show 
linear response under a number of loading cycles due to non-linear properties of soil 
skeletons. The power model shown in Eq. (2.4) is therefore the most common 
approximation model in the field. 
εp = aNcb                                                                                                                       Eq. (2.4)  
where: 
a, b: material constants 
Li and Selig (1998a) developed a constitutive model to predict the cumulative plastic 
deformation of the rail track foundation by further expanding the power model as 
given in Eq. 2.5.  
εp = a�𝜎𝑑 𝜎𝑠� �𝑚Ncb                                                                                                     Eq. (2.5) 
where: 
a, b, m: material constants 
σd: deviator stress 
σs: soil static strength   
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Li and Selig (1994) proposed another constitutive model by accounting the undrained 
shear strength of subgrades (Cu) with a higher percentage of clay particles as shown 
in Eq. 2.6.   
εp = a �𝜎𝑑 𝐶𝑢� �𝑚 Ncb                                                                                                   Eq. (2.6) 
2.4.3 Resilient response 
Resilient response of track foundation is the dominant factor to calculate strain, 
stress, and deformation of track foundation layers under cyclic loads. Resilient 
modulus of soil is usually obtained from cyclic triaxial test results with constant 
confined stress as shown in Figure 2.5. From Figure 2.5, resilient modulus is 
calculated as given in Eq. 2.7, using resilient strain (Ɛr). 
  
Figure 2-5 Definition of resilient modulus (Adopted from Lekarp et al., 2000a) 
 
𝐸𝑟 = 𝜎𝑑 𝜀𝑟�                                                                                                                      Eq. (2.7) 
Strain 
Permanent strain 
Δσd 
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ss
 
Resilient strain 
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Figure 2-6 Relationships between resilient modulus and soil physical state (Adopted 
from Li & Selig, 1994)  
Until soil reaches its resilient condition, the cumulative plastic strain will be 
increased with loading cycle number (O'Reilly & Brown, 1991). Design guidelines 
of a rail track should therefore consider resilient response, as there is no further 
cumulative plastic deformation with loading cycle number after reaching the resilient 
response. Resilient behaviour of subgrade materials is however influenced by all 
three categories of factors: loading state, soil type, and soil physical state, which 
impact on the cumulative plastic deformation. Compared to ballast or sub-ballast, 
fine-grained subgrade is highly sensitive for the above factors and variation of any of 
these factors can significantly change the resilient response of subgrade soil. As fully 
dried or fully saturated states of a subgrade are extremely uncommon, resilient 
behaviour of unsaturated subgrade is dominant in being recognised in track 
foundation designs. (Li & Selig, 1994) developed a constitution model using cyclic 
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triaxial results of Seed et al. (1962) to predict the resilient modulus of unsaturated 
subgrade material using the compaction curve as shown in Figure 2.6. As illustrated 
in Figure 2.6, dry density, compaction effort, and subgrade water content can change 
the resilient behaviour of unsaturated subgrade dramatically.      
2.4.4 Effects of Principal Stress Axis Rotation (PSAR) 
Powrie et al. (2008) argued that current design guidelines are suitable for low axle 
loads, line speed and train frequencies by considering examples cited by Burrow et 
al. (2007) and Gräbe (2002). Even though these guidelines are suitable for low speed 
passenger trains, a study of British trail track near Leominster, Herefordshire 
indicated that ballast layer thickness ranged from 0.9 m to 1.3 m under these 
conditions. This was a much greater than required ballast layer thickness calculated 
from each design method considered (Burrow et al., 2007; Burrow et al., 2011). 
There are several factors behind this higher ballast layer thickness in currently 
operating rail tracks. However, neglecting the effects of the PSAR in subgrade 
materials in designing/maintaining rail tracks is one of the key reasons behind this 
extended tamping (Gräbe & Clayton, 2009, 2014; Heath et al., 1972; Li & Selig, 
1998a; Powrie et al., 2007). Change in the direction principal stress axis of a given 
soil element with the position of moving wheel load is known the PSAR, as shown in 
Fig. 2.7. PSAR can control both soil stiffness and plastic deformation accumulation 
rate of the substructure layers of rail tracks (Gräbe, 2002; Lekarp et al., 2000a).  
 
 
Figure 2-7 Rotation of principal stress axis under moving wheel load (Adopted from 
Lekarp et al., 2000a) 
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Miura et al. (1986), Ishihara and Towhata (1983), Brown and Chan (1996), and Shaw 
and Brown (1986) showed the influence of principal stress axis rotation on the 
deformation characteristics of coarse grained materials under moving wheel loading 
conditions. Summarising the various past studies, Lekarp et al. (2000b) argued that 
the cumulative plastic deformation that occurs in triaxial tests underestimates actual 
deformation characteristics due to absence of principal stress reorientation. Results 
from laboratory element tests (Gräbe & Clayton, 2009; Powrie et al., 2007), model 
tests (Hirakawa et al., 2002; Momoya, 2004; Momoya et al., 2005), finite element 
investigations  (Powrie et al., 2007; Yang et al., 2009), and field investigations 
(Burrow et al., 2007; Gräbe, 2002; Priest et al., 2010) further concluded that presence 
of the principal stress axis rotation can accurately replicate cumulative plastic 
deformation characteristics of rail track subgrade compared to the cyclic single point 
load tests.  
Factors affecting the response of rail track foundation to the PSAR can be divided 
into three categories: loading factors (magnitude of load, frequency, effective stress, 
number of loading cycles), soil factor (PSDs, percentage of fines), and soil physical 
state (degree of saturation (subgrade water content), drainage condition). Rail track 
foundations are normally subjected to relatively low effective stress, a range of 20 
kPa – 60 kPa due the sequence of track structural elements (Indraratna et al., 2009; 
Liu & Xiao, 2010; Miller et al., 2000). The effects of effective stress on the 
cumulative plastic deformation of the rail track subgrade is appropriately understood 
using cyclic triaxial results. However, there is limited knowledge available in the 
literature on the effects of PSAR on the cumulative plastic deformation of track 
subgrade (Li & Selig, 1994, 1996, 1998b).  
Train speed, number of bogies considered, and axle spacing control the effects of 
loading frequency on a soil element in subgrade. Gräbe (2002) showed that for a 
given bogie structure and a train speed of 60 km/hr – 100 km/hr can be converted 
into a cyclic loading frequency of 2 Hz – 3 Hz. At higher strain rates, accumulation 
of plastic deformation becomes negligible, while at lower strain rates, it becomes 
more sensitive (Tatsuoka & Shibuya, 1992). Both inelastic behaviour of soil skeleton 
and viscous interaction between soil skeleton and water (water menisci) can control 
the cumulative plastic deformation of subgrade material. Inelastic behaviour of soil 
skeleton dominates the cumulative plastic deformation at lower frequencies, while 
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water menisci is significant at higher frequencies (Huat et al., 2006). There are a 
number of studies available in the literature (Araei et al., 2012; Wichtmann et al., 
2005) to evaluate the effects of loading frequency on cumulative plastic deformation, 
using the cyclic triaxial test results, however, and there are limited studies to 
investigate the effects of loading frequency with PSAR (Xiao, Juang, Wei, & Xu, 
2014).  
Type of soil, particle size distribution (PSD), and amount of clay are soil factors to 
control the cumulative plastic deformation as explained in Section 2.3.2. PSD of the 
coarse-grained materials is dominant to dissipate the energy coming from the train 
wheel, especially with higher frequency to prevent particle breakage (Indraratna et 
al., 2003; Indraratna et al., 2004; Momoya et al., 2005). Unlike ballast or sub-ballast, 
changing PSD of subgrade material makes it difficult to evaluate the effects of PSD 
on the plastic deformation characteristics since subgrade is mostly natural soil. Gräbe 
and Clayton (2009), however, showed the reduction of clay percentage of subgrade 
soil resulted in higher cumulative plastic deformation with the effects of PSAR under 
fully saturated conditions, as shown in Figure 2.8. Gräbe and Clayton (2014) further 
showed using four different reconstituted soils that clay percentage, 
overconsolidation ratio (OCR), and consolidation regime (isotropic or anistropic) is 
sensitive for the resilient response of subgrade with PSAR effects. 
 
 Figure 2-8 Relationship of PSAR and clay percentage on plastic strain of subgrade 
(Adopted from Gräbe & Clayton, 2009)   
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As mentioned in Section 2.3.3, throughout the year, seasonal variations in the 
groundwater level cause unsaturated conditions in subgrade. There is no reference in 
the literature about the effects of unsaturated subgrade with PSAR on cumulative 
plastic deformation. Even the resilient response is a function of subgrade water 
content or degree of saturation; the effects of PSAR on the resilient behaviour of 
subgrade is yet to be investigated. Water menisci is the key factor to control the 
cumulative plastic deformation characteristics of the unsaturated road, coarse-grained 
materials under cyclic loads with or without PSAR effects, as shown in Figure 2.9 
(Inam et al., 2012). 
 
Figure 2-9 Relationship of PSAR and axial strain under different experimental 
methods (Adopted from Inam et al., 2012)    
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2009, 2014; Yang et al., 2009). The deterioration process of rail track foundation is 
therefore overestimated and, to obtain more realistic properties, subgrade response 
with or without the effects of PSAR is required to be examined under drained 
conditions.    
2.5 CURRENT DESIGN GUIDELINES  
An appropriate design solution for a given rail track foundation with its local site 
conditions is critically challenging, as not all causes are completely independent. 
Five different guidelines - the USA approach (method proposed by Li and Selig 
(1998a)), the UK approach (method proposed by Heath et al. (1972)), the European 
approach (The International Union of Railways standard (URC 719R) (1994)), the 
Australian approach (the Australian rail track cooperation Ltd (ARTC)(2011)), and 
the Chinese approach (2005a) - are summarised in this section. 
2.5.1 USA approach 
The key aim of Li and Selig (1998a) approach is to prevent the progressive shear 
failure and the excessive plastic deformation by changing the thickness of ballast 
layer thickness. Two sets of design charts were developed using the experimental 
results of cyclic triaxial tests and an analytical model analysis with GEOTRACK 
software. To estimate required ballast layer thickness to prevent these primary failure 
modes, subgrade resilient response, soil type, traffic load, and cumulative tonnage 
are used. Ballast layer thickness for preventing progressive shear failure is first 
estimated and then its thickness for limiting excessive plastic deformation is 
evaluated. 
2.5.2 UK approach 
Heath et al. (1972) developed a series of design charts to evaluate required ballast 
layer thickness to prevent subgrade failure by the excessive plastic deformation. A 
strength measurement called the threshold stress was defined and a series of cyclic 
triaxial tests were performed to define this threshold stress. Subgrade stress and 
subgrade depth are key design parameters of this approach.    
2.5.3 Chinese Guideline  
The basis of both the code for railway subgrade design (TB10001-2005)  and the 
code for railway track design (TB10082-2005)  is to achieve railway subgrade 
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requirements with adequate stiffness and stability for ensuring minimum 
maintenance cost.  Trainload, train speed, subgrade soil type, and rail and sleeper 
type are the major concerns in track class classification and determining layer 
thicknesses of a particular rail track in Chinese guidelines. Each rail track class has 
its own unique properties in estimating layer thicknesses. For an example, for class 5, 
design layer thicknesses are 0.2 m and 0.15 m for ballast and sub-ballast, 
respectively, under track conditions: less than 8 MGT annual gross traffic tonnage, 
less than or equal to 80 km/h design train speed, and 50 kg/m rail type. For class 1, 
they are 0.3 m and 0.2 m, respectively, however they are greater than 50 MGT 
annual gross traffic tonnage, from 160 km/h to 120 km/h design train speed, and 75 
kg/m rail type. For ensuring better foundation support, TB10001-2005 suggests 
having a 0.6 m thick surface layer and a 1.9 m thick bottom layer as subgrade bed 
layers. Particle size distribution, liquid limit and plastic index are critical in the 
selection of filling materials for these two subgrade layers.    
2.5.4 UIC 719R guideline 
The international union of railways (International Union of Railways, 1994) 
recommendation is based on the quality of subgrade material in layer thickness 
design. Four quality classes: QS0, QS1, QS2, and QS3 are defined considering 
particle size distribution. QS0 soil category is unsuitable to use without proper 
improvement for railway. It further accounts for sleeper type and its length, axle 
load, train speed, application of geotextile, and train traffic in determining layer 
thickness. UIC 719R doesn’t, however, allow the calculation of separate layer 
thicknesses for ballast and sub-ballast layers since it only estimates equivalent layer 
thickness for both layers. UIC 719R proposes to determine design railroad traffic 
capacity as equivalent tonnage, referring to the UIC 714 guideline (International 
Union of Railways, 2009), which accounts for the real traffic mix of passenger and 
freight traffic, maximum train speed, minimum train wheel diameter and maximum 
axle load.  
2.5.5 ARTC Guidelines 
California Bearing Ratio (CBR) is the basis of ARTC guidelines in designing layer 
thicknesses of railway track. Figure 2.10 illustrates a typical track design model 
including subgrade, structural fill, capping layer, and ballast layer, used in the ARTC 
approach. Standard ballast layer thickness (from top of capping layer to bottom of 
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sleepers) varies from 300 mm to 150 mm according to track class types (Engineering 
(Track & Civil) Code of Practice, 2012). Heavy haul, interstate, and light weight are 
three key track class types in the ARTC classification system, which accounts for 
maximum train speed and axle load for defining track class (Engineering (Track & 
Civil) Code of Practice, 2011). ARTC proposes a 150 mm thick capping layer to 
improve track support, fill in irregular over-break situations in rock excavation for 
assisting in drainage, and provide a drainage barrier for shed storm water from 
subgrade (Engineering Practices Manual Civil Engineering, 2006). Layer thickness 
of structural fill depends on quality of subgrade soil types in ARTC guidelines and it 
recommends having structural fill material with greater than or equal to 8 CBR for 
ensuring better foundation conditions for the rail track. The experience gained from 
theoretical and practical assessments of different loading conditions is the major 
concern, in determination of thickness calculation of the ballast layer. ARTC 
recommends constant layer thicknesses for ballast and capping layers for a particular 
railroad class. 
 
Figure 2-10 Typical design section of rail track in ARTC approach (Adopted from 
Engineering Practices Manual Civil Engineering, 2006)  
 
2.5.6 Limitations of Current guidelines 
To construct an optimised railway track, understanding of the physical mechanism of 
track deterioration and the relationship between track design parameters and long-
term track maintenance requirements is essential (Dahlberg, 2001). Table 2.3 
summarises the design parameters in different design guidelines for designing rail 
track substructure.  
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Table 2-3 Design parameters used in different guidelines 
 
Design 
Parameter 
Chinese 
guidelines 
UIC 719R 
guideline 
USA 
approach 
UK approach ARTC 
guidelines 
Static wheel 
load 
No 
information 
Yes Yes Yes Vary with 
track class 
Cyclic wheel 
load 
No No Yes Yes No 
Train speed  Vary with 
track class 
Yes Yes No Vary with 
track class 
Subgrade 
water content 
No No No No No 
Annual 
tonnage  
Vary with 
track class 
Yes Yes NO Vary with 
track class 
Cumulative 
tonnage 
No No Yes No No 
Subgrade 
condition 
No 
information 
Yes, fine 
percentage 
Yes, 
resilient 
modulus 
Yes, material 
threshold 
stress 
Yes, CBR  
Principal 
stress rotation 
No No No No No 
 
After cautious consideration on the existing design guidelines illustrated in Table 2.3, 
the following are the major conclusions; 
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• Most of the guidelines are based on the rail industry experiences, 
which are not applicable for any given condition and theoretical 
background of layer thickness calculation is hidden.  
• Most of the guidelines provide a minor priority for subgrade and its 
behaviour under cyclic loading conditions. None of them account for 
the impact of PSAR and soil-water response under cyclic loading 
conditions.  
• Cumulative tonnage or annual traffic can critically affect track 
stability at the transition zone. As an example, Australian railway 
tracks (heavy haul class) experience a higher annual tonnage, 100 
MGT compared to other countries. There is however no sign of 
consideration of cumulative tonnage in designing a bridge transition 
zone in any of the design guidelines, except in Li and Selig’s model 
(Li & Selig, 1998a). 
2.6 LABORATORY EXPERIMENTS TO REPLICATE MOVING WHEEL 
LOAD 
As a result of wheel movements and braking or acceleration, the soil element of a rail 
track foundation undergoes a complex stress change in all directions: vertical, 
horizontal, and shear. Field investigation is the most accurate and reliable method to 
evaluate the changes of such stresses on the track degradation process (Burrow et al., 
2007; Burrow et al., 2011; Gräbe, 2002; Gräbe & Clayton, 2009, 2014; Li et al., 
2015; Powrie et al., 2008; Powrie et al., 2007; Priest et al., 2010). Strict regulations, 
higher cost, and longer inspection times lead to evaluating/predicting the rail track 
degradation process through laboratory tests. Brown (1996) explained that moving 
wheels can generate three different stresses: vertical, horizontal and shear, as 
illustrated in Figure 2.11. The presence of both vertical and shear stresses together in 
the laboratory elements can replicate the effects of PSAR on the cumulative plastic 
deformation characteristics (Gräbe & Clayton, 2009; Inam et al., 2012; Ishikawa et 
al., 2011; Yang et al., 2009). The moving direction of the wheel is sensitive in 
laboratory tests, where bidirectional loading results in a higher cumulative plastic 
deformation compared to unidirectional loading (Brown & Chan, 1996). Changing 
direction of the shear stress as shown in Figure 2.12 can replicate bidirectional 
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loading and unidirectional loading (Inam et al., 2012). Most common laboratory tests 
are small-scaled model tests and element tests, such as hollow cylindrical triaxial, 
hollow cylindrical ring shear or cyclic simple shear test, to evaluate the reliable 
properties of a rail track degradation process under the effects of PSAR. 
 
Figure 2-11 Type of stresses under moving wheel load (Adopted from Brown, 1996)  
 
 
Figure 2-12 Replication of one-way traffic and two-way traffic (Adopted from  Inam 
et al., 2012) 
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2.6.1   Small scaled model test 
The mechanism of a rail track deterioration process has been examined through 
various small scaled model tests. Anderson and Key (2000), Hwang et al. (2001) and 
Raymond and Bathurst (1987) performed a series of small-scaled model tests with 
model track and model ballast under single point loading conditions. As increasing or 
decreasing of load in these model tests is unable to change the loading direction, 
Momoya (2004) and Ishikawa et al. (2011) performed a series of model tests with a 
moving wheel, which travels with a constant vertical load. This loading mechanism 
can produce an actual stress state in a rail track foundation rather than a single point 
load test condition. Hirakawa et al. (2002), Momoya (2004), and Momoya et al. 
(2005) further evaluated the deformation and strength characteristics of rail track 
subgrade under similar loading conditions to account for the effects of PSAR. Even 
though these studies with the small-scaled model tests have proved their capability to 
evaluate the effects of PSAR on the deformation and strength characteristics of 
subgrade materials, small-scaled model tests are not popular with researchers or 
industry due to higher initial cost or operating cost, and difficulties in controlling 
loading. Either hollow cylindrical torsional apparatus or multi-ring shear apparatus 
are therefore the cheapest and easiest laboratory element types to approximate the 
deformation and strength characteristics of subgrade materials. 
2.6.2 Cyclic triaxial test 
The cyclic triaxial test is the most common experimental method used to determine 
the residual and the resilient deformation characteristics of materials of the rail 
substructure (Esveld, 2001; Huat et al., 2006; Indraratna et al., 2009; Indraratna et 
al., 1998; Indraratna et al., 2003; Indraratna et al., 2004; Indraratna & Salim, 2003; 
Li & Selig, 1998a, 1998b; Li & Selig, 1995; Li et al., 2015). Both unsaturated and 
saturated samples can be examined under either drained or undrained conditions. The 
conventional rail track design guidelines are also mainly based on the cyclic triaxial 
test conditions (Heath et al., 1972; Li & Selig, 1998a, 1998b). However, cyclic 
triaxial loading conditions can only produce the stress state, when the train wheel is 
exactly on the relevant position. In reality, the principal stress axis rotates with the 
location of the wheel. Due to difficulties in controlling shear stress with the loading 
time, cyclic triaxial tests are unable to produce the rotation of the principal stress axis 
of materials. Considering this major drawback, either hollow cylindrical torsional or 
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multi-ring shear apparatuses are to be used to account for the PSAR effects on 
subgrade materials.         
2.6.3 Hollow cylindrical torsional test             
By an axial twist, shear stress on the horizontal plane is applied in hollow cylindrical 
apparatus to replicate the effects of PSAR. The application of this apparatus to such 
replication was criticised considering non-uniformity of stress and strain of the 
specimen, until studies were performed by Hight et al. (1983). They proved that this 
uniformity of the stresses and strains can be acceptable up to a certain level with 
defined circumstances. After Hight et al. (1983), hollow cylindrical apparatus has 
been used to evaluate the effects of PSAR of materials of the rail track and road 
foundations (Brown, 1996; Gräbe, 2002; Gräbe & Clayton, 2009, 2014; Ishihara & 
Towhata, 1983; Powrie et al., 2008; Powrie et al., 2007; Yang et al., 2009). A key 
negative aspect of the hollow cylindrical apparatus is, however, fixed height and 
width of the sample.     
2.6.4 Multi-ring shear apparatus 
Ring shear apparatus are widely used to estimate drained strength parameters. 
The back analyses of landslides using these parameters showed better agreements 
than reversal direct shear tests (Stark & Vettel, 1992). Both the split-ring and solid-
ring devices are used to measure the large displacement shear resistance of sands 
(Sadrekarimi & Olson, 2009; Stark & Vettel, 1992). In ring shear apparatus, 
however, during consolidation and shear, applied normal stress can decrease with the 
increment of apparent shear resistance of the specimen due to wall friction between 
specimen and confining rings (Hvorslev & Kaufman, 1952). This friction error can 
be minimised using a wider specimen, however this increases the vulnerability for 
the strain rate effect (Sadrekarimi & Olson, 2009). Past researchers therefore have 
explained the suitability of ring shear apparatus to measure shear strength properties 
at large displacement since progressive failure phenomenon is irrelevant at this 
condition (Hvorslev, 1939). Considering these facts, Ishikawa et al. (2011) modified 
a conventional spilt-ring shear apparatus with multi-rings so that both torsional cyclic 
shear and cyclic vertical stress can be simultaneously applied on a soil specimen to 
simulate PSAR. Figure 2.13 shows the schematic diagram of multi-ring shear 
apparatus.  
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Figure 2-13 Schematic diagram of multi-ring shear apparatus (Adopted from 
Ishikawa et al., 2011)   
 
Figure 2.14 illustrates the geometry of the multi-ring shear apparatus and coordinate 
system used to defined for calculating PSAR. The rotational angle of principal stress 
axis, φ can be calculated in the multi-ring shear tests, using major principal stress σ1, 
intermediate principal stress σ2, minor principal stress σ3, and coefficient of earth 
pressure, K0 as shown in Eqs 2.8 – 2.12.    
φ = 𝑠𝑠𝑠−1�𝜎2 − 𝜎3𝜎1 − 𝜎3                                                                                                     Eq. (2.8) 
where:  
𝜎1 = 𝜎𝑎 + 𝐾0𝜎𝑎2 + �(𝜎𝑎 − 𝐾0𝜎𝑎)2 + 4𝜏𝑎𝑎22                                                             Eq. (2.9) 
𝜎2 = 𝜎𝑟 = 𝐾0𝜎𝑎                                                                                                          Eq. (2.10) 
𝜎3 = 𝜎𝑎 + 𝐾0𝜎𝑎2 −�(𝜎𝑎 − 𝐾0𝜎𝑎)2 + 4𝜏𝑎𝑎22                                                          Eq. (2.11) K0 = 1 − sin∅′                                                                                                           Eq. (2.12 
Inam et al. (2012) examined the effects of PSAR on the cumulative characteristics of 
unsaturated road granular materials using the multi-ring shear apparatus. To examine 
the dependency of the shear behaviour of the material on the degree of saturation, the 
internal effective friction angle can be calculated for unsaturated soil using shear 
strength parameters in Eqs 2.13 -2.15 in multi-ring shear tests.  
𝜎′ = (𝜎𝑎 − 𝑢𝑎) + 𝜒 (𝑢𝑎 − 𝑢𝑤)                                                                               Eq. (2.13)  𝜒 = 𝑆𝑟 − 𝑆𝑟01 − 𝑆𝑟0                                                                                                               Eq. (2.14) 
𝜏 =  𝑐′ + 𝜎′ tan∅′                                                                                                      Eq. (2.15) 
where:  
σ’: effective normal stress 
σa: axial stress 
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ua: pore air pressure 
χ: parameter related to the degree of saturation of the soil 
uw: pore water pressure 
(ua-uw): matric suction 
(σa-ua): net normal stress 
Sr: degree of saturation at any matric suction 
Sr0: residual degree of saturation 
τ: shear stress  
C’: effective cohesion 
 
Figure 2-14 Schematic diagram of geometry of soil specimen and stress-strain 
parameters (Adopted from Ishikawa et al., 2011)   
 
Past researchers showed the applicability of multi-ring shear apparatus to estimate 
the cumulative plastic deformation characteristics of base/sub-base materials of both 
train and road foundations under unsaturated and submerged conditions (Inam et al., 
2012; Ishikawa & Miura, 2015; Ishikawa et al., 2014; Ishikawa et al., 2011). This 
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apparatus was however unable to be used with subgrade materials, which have much 
finer particles than base/subbase materials, as fine particles go through and get 
trapped in between rings. A further modification is therefore required to the multi-
ring shear apparatus for examining subgrade materials.  
2.7 FULL SCALED FIELD TESTS 
Full-scaled field monitoring provides most reliable information on the strength-
deformation characteristics of rail track subgrade materials under the repeated traffic 
loads. Performance of track elements observed through field measurements plays a 
major role in validating small scaled model, laboratory element, and numerical 
investigations/predictions. Strength-deformation characteristics of rail track elements 
including ballast, sub-ballast, and subgrade layers can be monitored under the real 
traffic loads through full-scaled model tests at the different locations of rail tracks 
(Coelho et al., 2011; Hölscher & Meijers, 2009; Indraratna et al., 2011; Li & Davis, 
2005; Nicks, 2009; Powrie et al., 2008; Priest & Powrie, 2009; Read & Li, 2006). 
Even full-scaled field investigations provide the most reliable information; there are 
several limitations associated with field observations. Higher initial cost and strict 
government or company policies demotivate the full-scaled field investigations. As a 
selected rail track is subjected to limited factors, which can lead to track foundation 
failures, either a series of model tests, laboratory element tests or 
numerical/analytical investigation is always promoted, following a field 
investigation.                 
2.8 FINITE ELEMENT MODELLING OF RAIL TRACK 
Finite element (FE) modelling is a powerful and economical tool to model complex 
behaviour of the bride transition zone as a result of limitations and higher cost of 
laboratory and field investigations. The primary components of railway track 
modelling are rail load, superstructure and substructure of rail track, and the 
interaction of each component (Hölscher & Meijers, 2007). Determination of 
maximum acceleration, dynamic axial load, and prediction of vibration in 
surroundings are some of the key objects in dynamic FE modelling (Hölscher & 
Meijers, 2007; Hunt, 1997). GEOTRACK has been widely used in the last two to 
three decades for investigating the rail track degradation process (Chang et al., 1980; 
Li & Selig, 1998a, 1998b; Li et al., 2015). As GEOTRACK is capable in modelling 
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linear elastic properties under single point loading conditions, LS-DYNA and 
ABAQUS FE software has become common within the last decade to evaluate the 
deformation and strength characteristics of rail track subgrades under the effects of 
moving wheel loads (Gräbe, 2002; Nicks, 2009; Powrie et al., 2007; Yang et al., 
2009). Considering the strength of ABAQUS FE software to approximate non-linear 
behaviour of subgrade materials under a moving wheel load, the following sections 
summarise the pros and cons of studies performed with the ABAQUS FE tool.    
2.8.1 Soil behaviour 
Linear elastic, non-linear elastic, and elastic-plastic are three basic model types used 
to simulate constitutive behaviour of soil in FE models. Elastic models assume that 
the directions of principal incremental stress and incremental strain are coinciding. 
The real constitution behaviour of soil is however difficult to simulate with linear 
elastic models, since soil normally undergoes non-linear conditions, especially at 
failure conditions. Researchers have generally considered only linear elastic 
behaviour for minimising modelling cost, avoiding complexity (Giner & Pita, 2009; 
Powrie et al., 2007; Priest & Powrie, 2009; Yang et al., 2009) and limited numbers of 
studies are available in non-linear modelling (Giner & Pita, 2009; Maheshwari & 
Truman, 2004). 
Elastic theory adopts Hooke’s law; elastic strains are reversible after removing 
applied load. Actual behaviour of soil does not match Hooke’s law, as there are 
permanent plastic strains, even after removing applied load. Plastic models were 
developed to address such irreversible strain in the soil, even though they were 
originally developed to determine behaviour of nonlinear materials (Helwany, 2007). 
Helwany (2007) further argued a plastic model should include three basic principles: 
1) a yield criterion to predict whether material responds elastically or plastically due 
to load increment, 2) a strain hardening rule to control the shape of stress-strain 
response during plastic straining, and 3) a plastic flow rule to determine direction of 
plastic strain increment due to stress increment. There are three common plastic 
models in FE modelling: Mohr-Coulomb model, Cam Clay model, and Drucker-
Prager model. 
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2.8.2 Mohr-Coulomb model      
The Mohr-Coulomb model assumes that failure criterion depends on maximum shear 
stress, which is a function of normal stress, material friction angle and cohesion as 
given in Eq. 2.15 (Hibbitt & Sorensen, 2005). Eq. 2.16 defines the yield criterion of 
the Mohr-Coulomb model. Figure 2.14 and Figure 2.15 illustrate Mohr-Coulomb 
failure criterion and yield surface, respectively.  f = (𝜎1 − 𝜎3) − (𝜎1 + 𝜎3)𝑠𝑠𝑠𝜃 − 2 × 𝑐 × cosθ                                                 Eq. (2.16) 
 
 
 
 Figure 2-15 Mohr-Coulomb failure criterion (Adopted from Hibbitt & Sorensen, 
2005) 
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Figure 2-16 Mohr-Coulomb yield surface in the deviatoric plane (Adopted from 
Hibbitt & Sorensen, 2005) 
2.8.3 Drucker-Prager model 
Drucker-Prager/cap model yield surface includes two main segments: 1) a shear 
failure surface to provide dominantly shear flow, 2) a cap, which intersects the 
equivalent pressure stress axis (Helwany, 2007; Hibbitt & Sorensen, 2005). Eq. 2.17 
gives Drucker-Prager failure surface. Figure 2.15 presents yield surface in p-t plane. 
 
Figure 2-17 Yield surface in p-t plane (Adopted from Hibbitt & Sorensen, 2005) 
 Fs = t − ptanβ − d = 0                                                                                                Eq 2.17 
where, 
t = (3J2)1/3¬ (generalised shear stress) 
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p = I1/3 (mean stress) 
d: Material cohesion (kN/m2) 
β: Material friction angle  
2.8.4 Train load 
Cyclic loading is an appropriate solution to evaluate the actual response of a rail 
track by a moving load. Simulating real cyclic loading (moving load) is one of the 
critical tasks in FE modelling. Saleeb and Kumar (2011) proposed that three steps 
should be followed to model a whole moving load in any finite element analysis 
(FEA) software: 1) modelling primary system (beam, plate, and 3D solid), 2) 
modelling of secondary moving subsystem (point load, point mass, spring-mass-
damper system) and 3) modelling appropriate contact formulation between primary 
system and moving secondary system with a large amount of sliding. A moving 
vehicle can be developed by three different approaches: 1) moving mass: coupling 
stiffness between the distributed structure and infinite elastic system, 2) moving load: 
inertia effects of elastic subsystem is completely neglected and 3) moving oscillator 
(sprung mass): associates with finite coupling stiffness and significant inertia effects 
(Saleeb & Kumar, 2011). The moving oscillator is the most realistic model with 
which to represent a moving vehicle (Kumar & Saleeb, 2008; Saleeb & Kumar, 
2011; Y. Yang & Yau, 1997). Hunt (1997) proposed four different vehicle models, 
including a moving mass and three moving oscillators by claiming their functions, 
computation time and cost as given in Figure 2.18.  
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 Figure 2-18 Different vehicle models (Adopted from Hunt, 1997)  
 
2.8.5 FE based model of rail track foundation 
As a result of higher experimental cost, difficulties associated with field 
measurements, and limitations of laboratory experiments to simulate onsite 
behaviour, researchers and engineers use FEA to solve various types of problems in 
railway engineering. FEAs in railway engineering associate with numbers of 
limitations due to their complexities compared to roads. The followings are major 
conclusions made after cautious literate analysis on FE modelling of rail track 
foundations. 
• The complexity of soil results in numbers of approximations to 
simulate its behaviour in FEA. Most of the studies assumed that soil 
behaves in a linear elastic region and neglected the plasticity of soil. 
• Burrow et al. (2007), and Dareeju et al. (2014) claimed that current 
design guidelines do not account for the effects of PSAR in track 
foundation designs and Gräbe and Clayton (2009) proved its influence 
on track degradation, considering field data and hollow cylindrical 
test data. Yang et al. (2009) and Powrie et al. (2007) simulated its 
behaviour in FE modelling using ABAQUS FE software (Hibbitt & 
Sorensen, 2005). They however adopted linear elastic properties. 
• Gräbe (2002) and Gräbe and Clayton (2009) also performed a series 
of linear elastic FE analyses to evaluate the effects of PSAR on the 
subgrade materials by accounting for subgrade thickness, train speed, 
and initial coefficient of earth pressure. They further concluded that 
the dynamic defects could be negligible in static analysis for train 
speeds up to 240 km/hr on a firm subgrade.  Ishikawa et al. (2014) 
agreed with this conclusion by developing a simplified prediction 
model for the cumulative plastic settlement under moving wheel 
loads, using a linear elastic analysis. 
• This limited knowledge on the effects of moving wheel loads on the 
plastic deformation of rail track subgrade highlights a requirement of 
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a non-linear analysis to evaluate the actual effects of PSAR on the 
deterioration process of a rail track.   
2.8.6 Summary of literature review 
Key findings of this literature review are listed below; 
• Rail track foundation (subgrade) is one critical element in the 
substructure of a rail track as any negative response of subgrade can 
gradually transfer into other structural element, introducing negative, 
social, and economic impacts on the rail industry. 
• Cyclic loading is the key triggering factor of most track deterioration 
causes, including two primary failure modes of track subgrade. 
• Existing design frameworks are highly simplified and most design 
approaches totally depend on their own experiences. Theories behind 
their proposed designs are hidden and influences of most of the causes 
for track degradation of rail track subgrade are neglected. 
• Each design framework neglects the effects of moving wheel load and 
unsaturated subgrade properties in designing a rail track foundation.   
• Current methods to account for the effects of PSAR on the cumulative 
plastic deformation characteristics of subgrade materials are 
associated with higher cost, difficulties in controlling loading 
conditions, restrictions and strict policies, and less data. 
• Most of the current FE studies neglect the influence of soil plasticity 
behaviour under moving wheel loads and consider its behaviour as 
linear elastic.  
2.8.7 Identified knowledge gaps 
Identified knowledge gaps after a comprehensive literature review are given below: 
• Limited knowledge on the effects of PSD of granular subgrade 
materials on the cumulative plastic deformation characteristics of 
subgrade under moving wheel load.  
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• There is a requirement of a new simple experimental method to account 
for the effects of moving wheel loads (PSAR) on the cumulative plastic 
deformation characteristics of subgrade materials. 
• Limited knowledge on the soil plasticity behaviour under moving wheel 
loads in nonlinear FE analysis. 
• Limited knowledge on the correlations between load, soil, and soil 
environmental factors and PSAR on the cumulative plastic deformation 
characteristics of subgrade materials. 
 
 
 
 
 
 
 
 
 
 
Chapter 3: Research Design 
3.1 INTRODUCTION 
This chapter describes the research methodology through a detailed description of 
experimental-based procedures to achieve the objectives of the study. This chapter 
starts with requirement of this study followed by the schematic demonstration of 
research process to achieve each objective of this study, as given in Figure 3.1. 
Figure 3.1 illustrates the flowchart of the methodology, which was developed for this 
research work. It contains the following key elements: 
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• Requirement of the study, identified from literature gaps as discussed in 
Chapter 2. 
• Methodologies suggested in this study to achieve objectives defined in 
Chapter 1. 
• Testing apparatus, materials, and sample preparation. 
• Testing programmes to validate the MMRS apparatus for accounting for the 
effects of PSAR on the strength and deformation characteristics of subgrade 
materials. 
After the research process, the procedure to achieve research objectives with material 
used, sample preparation method, and testing program is explained in detail.    
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Figure 3-1 Flow chart of research methodology
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3.2 REQUIREMENT OF STUDY 
Degree of saturation (subgrade water content) of a rail track subgrade changes within 
its lifetime due to numbers of wetting and drying cycles, introducing unsaturated 
properties into subgrade. Conservative rail track design guidelines are however 
mainly based on two extreme saturation conditions; fully dried or fully saturated 
subgrade conditions (Burrow et al., 2011; Dareeju et al., 2014). Experiment methods 
to evaluate the deformation behaviour of the unsaturated subgrade materials under 
moving wheel loads such as small scaled model test, field investigation, or hollow 
cylindrical test have their own pros and cons, as explained in Chapter 2. Even within 
the last decades, effects of PSAR on the cumulative plastic deformation and the 
resilient behaviour of subgrade are carefully examined (Gräbe, 2002; Gräbe & 
Clayton, 2009, 2014; Li et al., 2015; Powrie et al., 2008); the effects of the principal 
stress axis rotation on the deformation behaviour of unsaturated subgrade of a rail 
track is yet to properly evaluated. Understanding the deformation behaviour of 
unsaturated subgrade under cyclic moving wheel is therefore required to evaluate the 
realistic track deterioration process, as current studies overestimate it, considering 
fully saturated subgrade conditions. Chapter 2 shows the requirement of a new 
simple experimental approach to evaluate the deformation behaviour of unsaturated 
subgrade of a rail track under cyclic moving wheel loads and parameters, which have 
an effect on the deformation behaviour.       
3.3 MATERIALS USED 
Glass beads 
The basic performance of multi-ring shear (MRS) apparatus  shown in Figure 2.11 
was evaluated using both glass beads (D = 5 mm) and ballast (Ishikawa et al., 2011). 
Validity of experimental results obtained from multi-ring shear apparatus with 
monotonic loading conditions was evaluated using hollow cylindrical torsional shear 
apparatus under similar conditions. The deformation characteristics of coarse-grained 
subgrade materials were investigated through particle size distribution (PSD) of 
subgrade materials in this study. Considering the materials used for the validation of 
multi-ring shear apparatus and the negative impacts of changing material 
composition due to the use of different types of granular materials, only glass beads 
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were used in this study. Two different spherical glass beads particles of 2.5mm and 
5mm diameter were used in this study. Glass beads are typically used as a type of 
transparent soil particle in geotechnical laboratory modelling (Ishikawa et al., 2011; 
Likos & Jaafar, 2013). Figure 3.2 illustrates the glass bead particles used in this 
study. Specific gravity of glass beads was found as 2.56, using ASTM D854 (2014). 
Five soil types (A, B, C, D and E) with different PSDs were produced by mixing 
different mass portions of 5mm glass beads and 2.5mm glass beads as shown in 
Table 3.1.   
 
Figure 3-2 Materials used; (a) 5mm glass beads, (b) 2.5mm glass beads 
 
Table 3-1 Mixing percentages of glass beads to produce different soil types 
 
 
Soil name 
Percentage of 5mm 
glass beads (%) 
Percentage of 2.5mm 
glass beads (%) 
Type A 100 00 
Type B 75 25 
Type C 50 50 
Type D 25 75 
Type E 00 100 
 
 
 
(a
 
(b
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Toyoura sand 
In this study, the performance of the MRS apparatus was validated by comparing the 
cyclic plastic deformation characteristics obtained from the element tests conducted 
using MMRS apparatus and the small-scaled model tests performed by Momoya 
(2004).  Momoya (2004) conducted small-scaled model tests with a moving wheel 
load on railway track constructed on subgrade of Toyoura sand. Toyoura sand was 
therefore selected for the experimental investigation of this study.  
Figure 3.3 shows the grain-size distribution of Toyoura sand obtained from dry 
sieving in accordance with ASTM D422 - 63(2007)e2 . The mean grain diameter 
(D50), coefficient of uniformity (Cu), and coefficient of curvature (Cc) of the test 
material are 0.17 mm, 1.58, and 1.05, respectively. According to Unified Soil 
Classification System (USCS), Toyoura sand is classified as uniformly graded sand. 
Specific gravity of Toyoura sand was found as 2.63, using ASTM D854 (2014).  
 
Figure 3-3 Particle size distribution of Toyoura sand 
 
The compaction curve of Toyoura sand is illustrated in Figure 3.4. Modified 
compaction test under ASTM D1557 (2012) was performed to obtain the compaction 
curve. According to Figure 3.4, maximum dry density is 1.62 g/cm3 at optimum 
water content of 14%. 
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Figure 3-4 Moisture-density relationship for Toyoura sand 
According to the rail track guidelines, 95%-98% relative compaction is the common 
range of the dry density to be achieved in the field. 90% relative compaction (1.463 
g/cm3 dry density) calculated from Figure 3.4, was however selected in this study to 
minimise the sample preparation time as sample uniformity is an important factor to 
control the overall performance on any MMRS experiment under unsaturated 
conditions. To find the soil-water characteristic curve (SWCC) for Toyoura sand, a 
water retentivity experiment was performed using a triaxial apparatus in accordance 
with JGS 1051 (2009). Figure 3.5 shows the soil-water characteristic curve (SWCC) 
for Toyoura sand under the drying process. A cylindrical specimen with 170 mm in 
height and 70 mm in diameter was prepared with void ratio of 0.79, which is similar 
to the void ratio of samples prepared in this study. After adding de-aired water into 
the sample for full saturation, effective confining pressure of 49 kN/m2 was applied 
and then pour water pressure was gradually decreased from saturated isotropic 
consolidated sample to obtain an unsaturated sample. From Figure 3.5, residual water 
content is shown as approximately 2%, which is equal to 6.6% of residual degree of 
saturation (Sr0).    
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Figure 3-5 Soil-water characteristic curve for Toyoura sand 
3.4 TEST APPARATUS  
Figure 3.6 illustrates the modifications adopted to the MRS apparatus in this study to 
examine fine-grained subgrade materials of a rail track. To eliminate particle 
movement into the gaps between rings, the apparatus was modified so that the 
specimen is enclosed in two rubber membranes preventing fine particles going into 
the spaces between rings. As shown in Figure 3.6, a 0.4 mm thick outer rubber 
membrane and a 0.3 mm thick inner rubber membrane are placed between the soil 
specimen. The bottom of each rubber membrane is fixed to the bottom plate using a 
1±0.5 mm thick glue layer. The top of each rubber membrane is kept free to reduce 
the friction error. Two filter papers are used at both ends of the specimen to prevent 
finer particle movement into porous plates located at the top and the bottom plates. 
As a rubber membrane can further enhance the friction error of the ring shear 
apparatus explained in Section 2.5, the membrane error was measured, using glass 
beads (diameter, D = 5 mm). A series of trial and error cyclic loading tests with and 
without rubber membrane was performed. The membrane error found from glass 
beads was added to each stress component to reduce the membrane error in the 
modified multi-ring shear (MMRS) tests. Material dependency of the membrane 
error was however neglected in this study. The volume change (axial change in the 
MMRS tests) in consolidated drained (CD) tests with granular materials depends on 
the penetration of rubber membrane into soil voids (Raghunandan et al., 2014). 
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Frydman et al. (1973) and Baldi and Nova (1984) suggested that particle shape, 
particle size, and sample density insignificantly influence on the membrane 
penetration. It is therefore reasonable to neglect the material dependency of 
membrane error in this study. The geometry of the MMRS apparatus and coordinate 
system used for calculating PSAR are similar to Figure 2.14.  
Figure 3-6 Modified multi-ring shear (MMRS) apparatus 
The apparatus can accommodate a hollow cylindrical soil specimen with a height, 
(H) of 100 mm, an inner diameter, (Di) of 120 mm, and an outer diameter, (Do) of 
240 mm. The cylindrical surfaces of the specimen are confined by 20 mm thick five 
outer and inner rings. Each ring can move relative to the others. The torsion torque, 
(T) can be applied to the soil specimen by a direct drive motor (DDM), which is 
connected to the bottom plate, while the top loading plate is held fixed against the 
torsional rotation. The vertical load (V), can be applied on the top loading plate by 
the DDM. The loads measured by axial and torque load cells are used to calculate the 
vertical stress, (σa) and torsional shear stress, (τaθ). The apparatus is equipped to 
measure vertical deformation, (ΔH) and torsional rotation of the sample so that 
vertical strain, (Ɛa) and shear strain, (γaθ) can be calculated. Through the computer 
controlled feedback system, strain or stress controlled loading can be applied on the 
specimen and the transducer data can be logged at a specified time interval. The 
apparatus can simultaneously apply both vertical and torsional cyclic loads to 
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simulate PSAR in the specimen. During MMRS tests, stresses and strains are 
calculated using following Eqs 3.1 – 3.4. 
σa =  Vπ
4
�Do
2−Di
2�
                                                                                                             Eq. (3.1)    
εa =  ∆HH                                                                                                                          Eq. (3.2) 
τaθ =  3Tπ4 (Do3 − Di3)                                                                                                       Eq. (3.3) 
γaθ =  ∆θ(Do + Di)4H                                                                                                      Eq. (3.4) 
3.5 SAMPLE PREPARATION 
Dependant on the material type, either the MRS or the MMRS apparatus was set up 
with inner and out rings as shown in Figures 2.13 or 3.6, respectively. The MRS was 
used for glass beads, and the MMRS for unsaturated Toyoura sand sample 
preparations. After setting up the apparatus, material was poured into three equally 
thick layers for filling the space between the inner and outer rings using a cone to 
minimise the particle segregation. Each layer was compacted by tamping with a 
wooden hammer to achieve the overall initial density. Difficulties in achieving the 
final (target) compacted density by tamping is the key reason behind defining an 
initial density. The height of the sample at each layer was used as an indicator to 
calculate the density of the specimen. After achieving the target sample height and 
corresponding sample density, the loading plate was placed on the sample. The 
elastic and residual deformation due to self-weight of the loading plate was unable to 
be measured in these experiments. To obtain the target dry density, a static vertical 
(axial) load was applied with a constant rate of 0.1%/min until the pre-determined 
sample height was reached. After setting up torque cell, vertical LVDT, and 
associated systems, loadings to simulate static shear, single point, or moving wheel 
loads were applied under static or cyclic conditions with pre-determined loading 
rates. In unsaturated sample preparation, each unsaturated soil specimen was kept in 
a controlled environment for 12 hours to obtain a uniform water content, after adding 
precise water content into the oven-dried materials.     
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3.6 LOADING CONDITIONS AND LOAD APPLICATION  
3.6.1 Deformation behaviour of coarse-grained subgrade materials 
For the comparison between different samples to evaluate strength and deformation 
characteristics of coarse-grained materials under different loading conditions, similar 
target dry density, relative compaction (RC) or relative density (Dr) has to be 
maintained. Due to lower water absorption properties of glass beads, only air-dried 
samples were possible to prepare. It is therefore difficult to maintain a constant RC 
with glass beads. With available options, dry density was selected to keep a constant 
for all samples. After a series of experiments, the initial and target dry densities were 
obtained as 1.58 g/cm3 and 1.62 g/cm3, respectively, with a tolerance of ±0.001 
g/cm3.   
To study the deformation characteristic of coarse-grained materials under different 
loading conditions, material types prepared mixing different size glass beads (Table 
3.1) were subjected to loading conditions given in Table 3.2. Ishikawa et al. (2011)  
estimated the amplitude of axial stress of 80kPa and the amplitude of shear stress of 
12.8kPa on ballast layer under 2 kN vertical train wheel load with a constant 
700mm/min speed, using one-fifth scaled model tests of traditional Japanese rail 
tracks. This study adopted these stress conditions to investigate the deformation 
behaviour of coarse-grained subgrade with the effects of PSDs under moving wheel 
load. These selected stresses are reasonable to represent stresses experienced on a rail 
track foundation, as Otter (2011) considered the effective stress on the rail track 
foundation between 10 kPa and 400 kPa.  
Table 3-2 Loading conditions used with glass beads 
Loading 
method 
Axial 
Stress, σa 
(kPa) 
Shear 
Stress/ 
Strain 
Number of 
pre-loading 
cycles, Npc 
Number of 
loading 
cycles, Nc 
Loading 
frequency, 
(Hz) 
Static shear 80 0.1%/min -- -- -- 
Cyclic 
single point 
80 0 kPa 8 200 0.017 
Cyclic 
moving 
80 12.8 kPa 8 200 0.017 
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wheel 
 
To replicate static direct shear test conditions, torsional static shear tests were 
performed under constant 80kPa axial stress (normal stress) with 0.1%/min shear 
strain rate. The axial stress of 80 kPa was applied in eight equal axial stress 
increments under axial stress controlled conditions and then the specimen was 
sheared with constant torsional shear strain rate of 0.1%/min. Fig. 3.7a) shows the 
loading conditions for the torsional static shear test.  
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Figure 3-7 Loading conditions used; (a) Static load, (b) cyclic single point load, (c) 
cyclic moving wheel load 
 
The cyclic single point load test (Figure 3.7 (b)) is able to reproduce the stress state 
of conventional cyclic triaxial compression test conditions. The axial stress was 
introduced in a half sinusoidal waveform with zero shear stress into consolidated 
samples as illustrated in Figure 3.7(b).  Raymond and Davies (1978) claimed that 
sinusoidal waveform is the most suitable loading pattern to replicate actual loading 
history under a rail track sleeper due to a moving wheel load in both laboratory 
element tests and numerical analyses. The amplitude of axial stress of 80kPa was 
achieved in eight preloading cycles with equal stress increments under a stress 
controlled condition as shown in Figure 3.8(a). After achieving the target stress 
amplitude of 80 kPa, 200 loading cycles were applied to each sample prepared using 
glass bead mix types with a loading frequency of 0.017 Hz. 
The cyclic moving wheel load conditions are simulated in MRS by applying a cyclic 
axial stress (half- sinusoidal) and cyclic torsional shear stress (sinusoidal) 
simultaneously on the test specimen, as illustrated in Figure 3.7(c). Changing axial 
stress and shear stress with time as in Figure 3.8(c) can reproduce the stress state of 
moving wheel load, as explained in Chapter 2. Axial stress in a half sinusoidal 
waveform and shear stress in a sinusoidal waveform were simultaneously and 
cyclically applied for bidirectional loading, resembling two-way traffic on the rail 
track, changing phase angle of shear stress by 1800 in every succeeding loading 
cycle. The axial stress amplitude of 80kPa and the shear stress amplitude of 12.8kPa 
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were achieved in eight preloading cycles as shown in Figure 3.8(b). After achieving 
targeted stress amplitudes, 200 loading cycles were applied on each sample with a 
loading frequency of 0.017Hz. During loading, axial stress (σa), axial strain (εa), 
torsional stress (τaθ), and shear strain (γaθ) were calculated and recorded at every 
second.  
 
 
 
 
Figure 3-8 Stress state of cyclic loadings; (a) single point load, (b) moving 
wheel load 
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3.6.2 Test program to validate MRS apparatus and performance of fined-
grained material under different loading conditions 
Momoya (2004) conducted an instrumented small scale moving wheel load model in 
a 2m long model box, where a model railway track and sleepers were placed on the 
subgrade of Toyoura sand. Figure 3.9 shows the test setup and a schematic section 
view of Momoya’s (2004) model test. The wheel was moved at the speed of 
600mm/sec (frequency of 0.0059 Hz) and the vertical load applied by the wheel was 
gradually increased to a wheel load of 1.5 kN in 14 cycles, similar to Figure 3.8. The 
stress conditions given in Figure 3.10 were measured at point A (on top of Toyoura 
sand subgrade) during moving wheel load with constant vertical load. As shown in 
Figure 3.10, Point A experienced a half-sinusoidal cyclic vertical stress with 
amplitude of 80.12 kPa and full-sinusoidal cyclic shear stress with amplitude of 
13.12 kPa.  
 
Figure 3-9 Schematic diagram of small scaled model test used for MMRS 
validation 
This study uses Momoya’s (2004) model test to validate the performance of modified 
Multi-ring shear (MMRS) apparatus for fined-grained subgrade soil and FEM. 
Therefore, the stress conditions shown in Figure 3.10 were slightly modified, as 
given in Figure 3.11, to use in an MMRS test series on Toyoura sand to validate the 
Rail Wheel 
Sleeper 
0 240 480 720          mm -720 -480 -240 
Subgrade: Toyoura sand 
200 mm 
Sleeper No 8 
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performance of MMRS and to investigate the effects of loading types, loading 
frequency, and dry density of the plastic deformation of fined-grained soil (Toyoura 
sand). 
Considering the subgrade density used in the small scaled model tests, 1.56 g/cm3 
(Relative compaction (RC) = 95%), initial dry density and target dry density were 
defined as 1.46 g/cm3 and 1.56 g/cm3 for the validation process of the MMRS 
apparatus. After preparing the samples with this target density, the loading conditions 
shown in Figure 3.11 were applied on a soil specimen using MMRS apparatus in 
order to simulate the stress conditions experienced at point A in the model test. Due 
to the limitations of the MMRS apparatus, an identical stress state experienced at 
point A in the small-scaled model tests are unable to be produced in the MMRS tests. 
Two peaks of axial and shear stresses shown in Figure 3.10 were selected as 
amplitudes of the half-sinusoidal cyclic vertical stress and sinusoidal cyclic shear 
stress in the MMRS tests. Considering the movement of the wheel of the small-
scaled model tests, two-way moving wheel load conditions were further adopted for 
the MMRS tests.   
After setting up and preparing the soil specimen in MMRS apparatus, the specimen 
was loaded with cyclic moving load conditions, cyclic single point load conditions or 
static torsional shear as given in Table 3.3. These loading conditions were achieved 
through 14 pre-loading cycles with the equal stress amplitude increment as explained 
in Figure 3.8. After these 14 pre-loading cycles, each test was continued for another 
100 loading cycles. The results of these tests are used to evaluate the capability of the 
MMRS apparatus in replicating the effects of PSAR on the cumulative plastic 
deformation of fine-grained materials of a rail track foundation. 
After validating the experimental procedure of the MMRS apparatus to replicate the 
effects of PSAR on the deformation behaviour of fine-grained subgrade materials, a 
series of MMRS tests was performed on air-dried Toyoura sand specimens with 
different densities, loading rates, and loading conditions, as summarised in Table 3.3. 
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Figure 3-10 Rail seat stress–wheel position relationship in model test (Momoya, 
2004) 
 
Figure 3-11 Loading conditions of cyclic moving load test used in MMRS tests 
Table 3-3 Experimental conditions of air-dried Toyoura sand in MMRS tests 
Static torsional shear test 
Consolidated dry 
density, ρcon 
(g/cm3) 
Axial (vertical) 
stress, σa (kPa) 
Shear 
strain, γaθ 
(%/min) 
Pre-
loading 
steps, Nps 
Loading 
time, t 
(S) 
1.56 (RC = 95%) 80.12 0.05 14 3600 
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1.56 (RC = 95%) 80.12 0.1 14 1800 
1.58 (RC = 97%) 80.12 0.1 14 1800 
1.6 (RC = 98%) 80.12 0.1 14 1800 
Cyclic single point load test 
Consolidated dry 
density, ρcon 
(g/cm3) 
Axial stress 
amplitude, σa 
(kPa) 
Shear 
stress, 
τaθ,max (kPa) 
Pre-
loading 
cycles, 
Npc 
Loading 
cycles, 
Nc 
Loading 
frequency, 
f (Hz) 
1.56 (RC = 95%) 80.12 0 14 100 0.0059 
1.56 (RC = 95%) 80.12 0 14 100 0.0083 
1.56 (RC = 95%) 80.12 0 14 100 0.0173 
1.58 (RC = 97%) 80.12 0 14 100 0.0059 
1.6 (RC = 98%) 80.12 0 14 100 0.0059 
Cyclic moving wheel load test 
Consolidated dry 
density, ρcon 
(g/cm3) 
Axial stress 
amplitude, σa 
(kPa) 
Shear stress 
amplitude, 
τaθ,max (kPa) 
Pre-
loading 
cycles, 
Npc 
Loading 
cycles, 
Nc 
Loading 
frequency, 
f (Hz) 
1.56 (RC = 95%) 80.12 13.12 14 100 0.0059 
1.56 (RC = 95%) 80.12 13.12 14 100 0.0083 
1.56 (RC = 95%) 80.12 13.12 14 100 0.0173 
1.58 (RC = 97%) 80.12 13.12 14 100 0.0059 
1.6 (RC = 98%) 80.12 13.12 14 100 0.0059 
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3.6.3 FEM modelling to estimate realistic stress conditions and MMRS with 
estimated stress conditions to investigate the water content effect on 
subgrade plastic deformation 
Stress state used in the small scaled model tests does not represent actual conditions 
at the field since the axial load used in small-scaled model tests are comparably 
lower than the actual axial load. The model scale was 1/5 compared to a typical 
Japanese rail track. Since the axial load used in these model tests was 1.5 kN, which 
is equal to 37.5 kN in the prototype, an FEM analysis was performed to estimate the 
actual stress state on the subgrade and resilient deformation characteristics by a 
realistic train axle load. Two two-dimensional linear elastic FE models were 
developed in this study by using ABAQUS finite element software (Hibbitt & 
Sorensen, 2005). Momoya (2004) showed that three dimensional FEM analysis does 
not make significant influence on the actual stress state compared to 2-D FEM 
analysis, due to plain stress conditions in the small-scaled model tests. Therefore, 
only 2-D FEM analysis was conducted in this study. Figure 3.12 shows the two-
dimensional models developed for FEM analysis: (a) Model 1 contains Toyoura sand 
as subgrade, a bituminous stabilised crushed stone layer, and an asphalt roadbed 
layer; (b) Model 2 has Toyoura sand as subgrade and a ballast layer. Table 3.4 shows 
the parameters used to develop these FE models. In the FE models, boundary 
conditions of each side surface of the FE model were fixed for the direction 
perpendicular to the plane and free for in-plane direction. Pinned with horizontal 
spring element was used as the bottom boundary condition to reduce the constraint, 
as Momoya (2004) showed that a horizontal spring element significantly influences 
shear stress, but has no significant influence on vertical stress. More details on 
development and validation of linear two-dimensional FE models are given in 
Chapter 7.   
 PERFORMANCE EVALUATION OF UNSATURATED RAIL TRACK FOUNDATIONS UNDER CYCLIC MOVING WHEEL LOAD 79
 
 
 
Figure 3-12 FE models: (a) Model 1, (b) Model 2 
Table 3-4 Parameters for FE model preparation (Momoya et al., 2005) 
Item Young’s modulus, E 
(MN/m2) 
Poisson’
s ratio, v 
Element 
type 
Point B 
(a) 
Subgrade: Toyoura sand 
180 cm 
1 cm 
3 cm 
20 cm 
Sleeper No. 8 
Asphalt 
 
Rail Sleeper 
Bituminous stabilised crushed stone 
Point A  
Subgrade: Toyoura sand 
180 cm 
1 cm 
3 cm 
20 cm 
Sleeper No. 8 
Asphalt roadbed 
Rail Sleeper 
Ballast layer  
Point A  
(b) 
Point B 
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Rail 210000 0.3 Beam  
Sleeper 210000 0.3 Solid 
CA mortar (Asphalt layer) 3500 0.3 Solid 
Bituminous stabilised crushed stone 
layer 
1000 0.3 Solid 
Toyoura sand layer 50 0.3 Solid 
Ballast layer 100 0.3 Solid 
Horizontal spring element 0.833 N/mm per 1mm2 
 
Figure 3.13 shows the distributions of axial stress, (σz) and shear stress, (τyz) at the 
bottom of subgrade (Point B) obtained from both the small-scaled model test (Model 
1) and FEM analysis. According to Figure 3.13, there is a good agreement between 
stress states of model tests and the FE model. This FEM model is therefore used to 
obtain actual stress state under real train axle loading conditions.  
 
Figure 3-13 FE model (Model 1) validation with small scaled model test results 
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Figure 3-14 Stress state at Point B of subgrade at sleeper No. 8 in FE models 
As wheel load of 125 kN (25 tons) is the most common axle load in rail track 
designing, Figure 3.14 shows axial stress and shear stress distributions at point B 
under axle load of 125 kN in Model 1 and Model 2 given in Figure 3.12. According 
to Figure 3.14, asphalt roadbed in Model 1 can reduce both maximum axial stress 
and shear stress at the bottom of subgrade by approximately 15% and 30% compared 
to the Model 2. Even asphalt roadbed can reduce stress-strain characteristics of a rail 
track. Model 2 was selected for this study, as the typical approach is that of using 
ballast layer in rail track design for overcoming progressive shear failure and 
excessive plastic deformation of subgrade. Figure 3.15 illustrates the distributions of 
axial stress and shear stress at the top of subgrade (Point A) in Model 2. Maximum 
axial stress and shear stress obtained from the FEM analysis are 65.3 kN/m2 and 18.1 
kN/m2, respectively. The adjacent two sleepers of each side of sleeper no. 8 
introduce another two peaks in both axial stress and shear stress distributions as 
shown in Figure 3.15, as Point A is located nearer to the sleeper compared to Point 
B. The influence of these four peaks on cumulative residual deformation of subgrade 
is however neglected in this study due to the limitation of the MMRS apparatus. 
Only maximum axial and shear stresses as 65.3 kN/m2 and 18.1 kN/m2, respectively, 
were used to develop loading conditions, as shown in Figure 3.16.  
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Figure 3-15 Stress state at Point A at sleeper No. 8 in Model 2 
 
 
Figure 3-16 Loading conditions of cyclic moving load test used for unsaturated 
sample in MMRS tests 
To investigate the subgrade water content/degree of saturation effects on the strength 
and deformation characteristics of subgrade materials, subgrade water content was 
increased with a constant dry density. In the preparation process of unsaturated 
specimens, water can however penetrate to the lower part of the specimen with the 
time during the sample preparation and loading at a higher degree of saturation 
(water content) resulting in a non-uniform specimen (Inam et al., 2012). Considering 
sample uniformity, and residual water content of Toyoura sand, water contents of 
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7.8% (Sr = 26%), 9.6% (Sr = 32%), 14.0% (Sr = 47%), and air-dried (Sr = 0.16%) 
were selected for this study. Water contents of 14%, 9.6%, and 7.8% are furthermore 
the corresponding water contents of MDD, 90% MDD, and 80% MDD, which were 
obtained from the moisture-density curve as given in Figure 3.4, respectively.  
 
 
Figure 3-17 Water content distribution of sample along the depth: (a) influence 
by loading method; (b) influence during loading process 
Even with the lower relative density and degrees of saturation, water of the 
unsaturated MMRS specimen can penetrate into the bottom by a reason of the gravity 
force. Due to the limitation of MMRS, both pore water pressure and suction are 
unable to be controlled during the loading period. Change of water volume after the 
loading period is also unable to be measured in MMRS tests. Change of gravimetric 
water content with sample depth was therefore measured during different stages of 
the MMRS tests as shown in Figure 3.17 According to Figure 3.17(a), there is no 
significant influence on the water content distribution by the loading method. Sample 
drying within the loading period, as MMRS specimens are not fully sealed, may be a 
key reason behind fluctuation of the water content distribution with the sample depth 
between after the loading and the sample preparation as shown in Figure 3.17(b). As 
there are no significant fluctuations of water content during the loading period, the 
methodology followed in the sample preparation is approximately suitable to 
investigate influence of subgrade water content on the deformation behaviour of an 
unsaturated subgrade material of a rail track. As the MMRS apparatus can be used to 
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investigate the unsaturated subgrade materials, a series of MMRS tests was 
performed on unsaturated Toyoura sand specimens prepared with the selected water 
content under different loading conditions given in Table 3.5. 
Table 3-5 Experimental conditions for multi-ring shear tests 
 Static torsional shear test 
Consolidated 
dry density, 
ρcon (g/cm3) 
Water 
content, 
w (%) 
Axial 
stress, 
σa 
(kPa) 
Shear 
strain, γaθ 
(%/min) 
Pre-
loading 
steps, Nps 
Loadin
g time, t 
(S) 
1.463 Air-
dried 
65.3 0.1 14 1800 
1.463 7.8 65.3 0.1 14 1800 
1.463 9.6 65.3 0.1 14 1800 
1.463 14 65.3 0.1 14 1800 
 Cyclic single point load test 
Consolidated 
dry density, 
ρcon (g/cm3) 
Water 
content, 
w (%) 
Axial 
stress, 
σa 
(kPa) 
Shear 
stress, τaθ 
(kPa) 
Pre-
loading 
cycles, Npc 
Loading 
cycles, 
Nc 
Loading 
frequency, 
f (Hz) 
1.463 Air-
dried 
65.3 0 14 200 0.006 
1.463 7.8 65.3 0 14 200 0.006 
1.463 9.6 65.3 0 14 200 0.006 
1.463 14 65.3 0 14 200 0.006 
 Cyclic moving wheel load test 
Consolidated 
dry density, 
ρcon (g/cm3) 
Water 
content, 
w (%) 
Axial 
stress, 
σa 
Shear 
stress, τaθ 
(kPa) 
Pre-
loading 
cycles, Npc 
Loading 
cycles, 
Nc 
Loading 
frequency, 
f (Hz) 
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(kPa) 
1.463 Air-
dried 
65.3 18.1 14 200 0.006 
1.463 7.8 65.3 18.1 14 200 0.006 
1.463 9.6 65.3 18.1 14 200 0.006 
1.463 14 65.3 18.1 14 200 0.006 
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Chapter 4: Deformation Characteristics of 
Coarse-grained Materials  
4.1 VALIDATION OF THE USE OF MULTI-RING SHEAR APPARATUS 
FOR COARSE-GRAINED MATERIALS 
The capability of the MRS apparatus for investigation of granular materials in both 
road pavements and ballast is well documented (Inam et al., 2012; Ishikawa & 
Miura, 2015; Ishikawa et al., 2014; Ishikawa et al., 2011). The aim of this section is 
to check the reproducibility of static and cyclic shear tests of glass bead samples 
using the MRS apparatus. As this chapter investigates the effects of the PSAR on the 
strength and deformation characteristics of coarse-grained materials using glass 
beads, it is important to check the reproducibility of the MRS apparatus using the 
same material. Ishikawa et al. (2011) estimated shear stress – axial strain – shear 
strain relationship of glass beads (D = 5 mm) samples under static and cyclic 
torsional shearing by using hollow cylindrical torsional and MRS apparatuses. This 
research adopted these experimental conditions to check the reproducibility of the 
MRS apparatus.  
Ishikawa et al. (2011) prepared a hollow cylindrical specimen with a height of 300 
mm, an inner diameter of 60 mm, and an outer diameter of 100 mm. This 20 mm 
thick specimen was prepared with a density of 1.54 g/cm3 to obtain a porosity of 
39.8%. During static torsional shearing under a constant shear strain rate of 0.1 
%/min, axial stress was kept at a constant of 49 kPa. Relationships of shear stress-
shear strain and axial strain-shear strain of the glass bead specimen was evaluated by 
using the MRS apparatus under similar loading conditions as compared with those of 
hollow cylindrical torsional shear apparatus. Figure 4.1 compares the shear stress-
shear strain and axial strain-shear strain relationships of soil specimens, which were 
sheared by using the MRS and hollow cylindrical torsional apparatuses. Shear stress 
increases and axial strain contracts with increasing shear strain irrespective to the 
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loading method as shown in Figure 4.1. At a shear strain of 3%, the MRS tests 
roughly overestimated the shear stress by 5%, while axial strain was underestimated 
by 3.5% compared to the hollow cylindrical torsional tests. Therefore, it is 
reasonably considered that the MRS apparatus is able to reproduce the strength and 
deformation properties of coarse-grained materials under static torsional shearing.        
 
 
Figure 4-1 Comparison of shear stress-axial strain-shear strain relationships of glass 
beads under static torsional shear 
The MRS Glass bead sample prepared with a height of 60 mm, an inner diameter of 
120 mm, and an outer diameter of 240 mm, was subjected to cyclic shear loading 
under a frequency of 0.003 Hz by Ishikawa et al. (2011). Similar density and axial 
load were maintained compared to the hollow cylindrical torsional tests given in 
Figure 4.1. Figure 4.2 compares the τaθ – γaθ relationships of glass bead samples, 
which were cyclically sheared by Ishikawa et al. (2011) and the current study. In 
both studies, friction was irrespective to the direction of rotation as hysteresis loops 
were symmetrical, as shown in Figure 4.2. Also, there was no significant variation of 
the area of the hysteresis loops measured from these two studies. Considering these 
facts, it can be concluded that the MRS test procedure for coarse-grained materials 
can be reproduced under cyclic shear loading conditions. As the friction does not 
change by the rotation direction, this test procedure can be used to evaluate the 
performance of coarse-grained soils under cyclic vertical and cyclic shear loading 
(cyclic moving wheel loading) conditions.  
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Figure 4-2 Comparison of shear stress-shear strain relationships of glass beads under 
cyclic torsional shear 
4.2 SHEAR BEHAVIOUR OF COARSE-GRAINED MATERIALS 
To investigate the effects of particle size distribution of coarse-grained material on 
the shear behaviour, a series of static shear tests was performed on granular types 
given in Table 3.1, according to the experimental conditions explained in Table 3.2. 
Figure 4.3 shows shear stress - shear strain behaviours of these five soil types. All 
these values were initialised to eliminate the effects of pre-stress increments for 
obtaining the maximum shear stress of 80 kPa. As shown in the figure, all five soil 
types exhibit non-linear shear stress-strain behaviour, which is similar to the typical 
response of granular material under the static shear test. Shear stress increases with 
increase in shear strain irrespective of soil types. Further, the shear resistant and 
shear modulus (up to 1% shear strain) increases with an increase in the amount 2.5 
mm of glass beads. However, there is an optimum mix ratio (75% of 2.5 mm + 25% 
of 5 mm – Soil Type D) to achieve the maximum shear resistant and the shear 
modulus.  So it can be suggested that gap-graded soil has higher shear resistance than 
uniformly graded soil.  
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Figure 4-3 Shear stress-shear strain relationships of coarse-grained materials under 
static torsional shear 
Figure 4.4 illustrates the relationship between τaθ - Ɛa for five soil types, to observe 
the volume change behaviour of material during shearing: positive axial strain (+Ɛa) 
is contraction (volume decrease) and negative (-Ɛa) is dilation (volume increase). 
Soils with higher percentage of 5 mm of glass beads contract with increasing shear 
strain, while soils with higher percentage of 2.5 mm of glass beads dilate as shown in 
Figure 4.4. This indicates that soil types A, B, and C show loose soil properties and 
others have dense behaviour. Therefore, it indicates that increasing the percentage of 
smaller size particles can lead to dense soil properties under static torsional shear 
loadings. Bolton (1986), however, showed that dilation can be treated as a function 
only of relative density, when the particle crushing is not possible and other factors 
such as loading rate, soil water content, and axial load are constant. It is not possible 
to crush or deform the glass beads themselves under this applied axial stress. 
However, even though the sample density was kept as constant during the sample 
preparation, each specimen can differently deform with 8 equal stress increments to 
achieve the target axial stress of 80 kPa due the PSD of specimens. Within the pre-
loading steps, the densities of soil types D and E might slightly alter from the rest 
due to this reason. It may be a possible reason for the dilation and contraction of 
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these soils. However, loose soils do not show significant variation of axial strain with 
increasing shear strain. Dense soils also illustrate this similar response with the shear 
strain given in Figure 4.4. 
 
 
 
Figure 4-4 Axial strain-shear strain relationships of coarse-grained materials under 
static torsional shear 
 
Figure 4.5 shows the effects of PSDs of soil on shear and axial strain relationships at 
shear stresses of 12.8 kPa and 25.6 kPa under static torsional shearing. Considering 
the amplitude of shear stress in the cyclic moving wheel load test, these two stresses 
were selected to investigate these relationships. Shear strain decreased with the 
percentage of 2.5 mm particles, irrespective of shear stress, as shown in Figure 4.5. 
However, it significantly reduced in dense soils compared to loose soils. This 
indicates that these two soil types have higher shear resistance capacity than others. 
Axial stress also gradually reduced with an increase in the percentage of 2.5 mm 
particles irrespective of the shear stress given in Figure 4.5. Reduction of void ratio 
with higher percentage of small particles results in lower axial strain and higher shear 
stress with increasing shear. Dafalla (2013) found similar behaviour with a static 
direct shear test, using sand-clay mixed soil. Gallage and Uchimura (2010) also 
showed such a similar response under both the drying and wetting process, using 
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Edosaki sand and Chiba soil. This indicates that PSD of soil can have a significant 
effect on the shear behaviour of coarse-grained soils under static torsional shearing.    
 
 
Figure 4-5 Axial strain – shear strain - PSD relationships in static torsional shear test 
4.3 EFFECTS OF CYCLIC LOADINGS ON DEFORMATION 
CHARACTERISTICS 
To investigate the effects of different cyclic loadings (cyclic single point loading and 
cyclic moving loading) and PSD on the deformation characteristics of coarse-grained 
materials, all five soil types given in Table 3.1 were subjected to cyclic single point 
and cyclic moving loadings as detailed in Section 3.6 and in Table 3.2. Soil samples 
prepared with a density of 1.62 g/cm3 were cyclically loaded with an axial stress 
amplitude of 80 kPa and zero shear stress to replicate single point loading conditions. 
Similar samples were cyclically and simultaneously loaded with axial and shear 
stress amplitudes of 80 kPa and 12.8 kPa, respectively, to replicate moving wheel 
load. Axial strain values of all cyclic loadings were initialised to eliminate the pre-
loading effects in this study. 
Figure 4.6 illustrates the definitions of irrecoverable deformation as plastic axial 
strain, and recoverable deformation as train amplitude of soil type A under different 
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cyclic numbers during the cyclic single point load test. The difference between the 
maximum and plastic axial strains is known as the strain amplitude. The 
accumulation of the plastic deformation gradually decreases with cyclic number 
introducing the resilient properties into the specimen, as shown in Figure 4.6. Within 
the first 10 loading cycles, the strain amplitude gradually increases with increasing 
loading cycle number and then, it becomes constant as illustrated in Figure 4.6. 
Similar observations can be found in all types irrespective to the loading method. 
Ishikawa and Miura (2015), Ishikawa et al. (2011), and Inam et al. (2012) observed 
this similar behaviour of coarse-grained materials such as ballast and sub-base 
materials under both cyclic single point and moving wheel loading conditions.   
 
 
Figure 4-6 Axial stress – axial strain relationship of soil type A under cyclic single 
point loading 
Figure 4.7 illustrates the cumulative plastic axial strain with number of loading 
cycles for all five soil types, when specimens were subjected to cyclic single point 
loading tests. Irrespective of soil type (A, B, C, D, and E), the plastic deformation 
increases with loading cycles. Further, the rate of accumulation of plastic 
deformation is significantly high during the first 10-25 loading cycles and then, the 
plastic deformation increases with number of loading cycles under a decreasing rate. 
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Similar observations were found in field data, small scaled model test data, and 
laboratory element tests data (Gräbe & Clayton, 2009; Hirakawa et al., 2002; 
Ishikawa et al., 2011; Momoya et al., 2005). During the early loading cycles or the 
service life of pavements or rail track, the granular materials start to stabilise, 
resulting in significant permanent deformation. This increment of plastic deformation 
significantly reduces with the number of loading cycles, introducing resilient 
response into specimens.  
 
 
Figure 4-7 Plastic axial strain – number of loading cycle relationships of coarse-
grained soils under cyclic single point loadings 
As shown in Figure 4.7, gap-graded soils except soil type D have higher cumulative 
plastic deformation compared to the uniformly graded soils after nearly 25 loading 
cycles. Uniformly graded soils have higher initial cumulative plastic deformations 
during the early stage of loadings (up to 25 loading cycle). Void arrangement of the 
gap-graded soils can introduce higher plastic deformation at the early stage of 
loading and then the absence of particles with different sizes results in gradual 
decrement of the plastic deformation. As shown in Figure 4.7, soil type C has 
maximum plastic strain, while soil type E has the lowest. This indicates that well- or 
gap-graded soils are highly vulnerable to cumulative plastic deformation under cyclic 
single point loading conditions compared to other soil types.     
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Summarising the findings of Figures 4.4 – 4.7, the following trends were observed. 
• Cyclic single point load test results reveal that static torsional shear tests 
underestimate the deformation characteristics irrespective of soil type. 
• Soil type E has minimum plastic axial strain under cyclic single point loading 
conditions. Its plastic strain at 200 loading cycles is still 50% higher than the 
maximum axial strain (Soil type B) obtained under static torsional shearing. 
• Only the first 50 loading cycles under cyclic single point are required to 
achieve the maximum axial strain of any soil type obtained under static 
torsional shear loading. 
Figure 4.8 shows the accumulation of plastic axial strains of all soil types with the 
number of loading cycles under cyclic moving wheel loading conditions. The plastic 
deformation increases with increasing number of loading cycles regardless of the soil 
type. Similar to Figure 4.7, gap-graded soils have higher cumulative plastic 
deformation at any given loading cycle except soil type D compared to the uniformly 
graded soils. Soil type C has the maximum plastic axial strain, while soil type A has 
the minimum under cyclic moving wheel loading conditions. Void arrangement and 
the absence of particles with different sizes are the possible reasons behind this lower 
plastic axial strain experienced by uniformly graded soils. Soil type D has highest 
shear resistance under static torsional shearing, as shown in Figure 4.3. This higher 
shear resistance may be a reason for this relatively lower plastic deformation 
experienced by soil type D compared to other gap-graded soils. These observations 
indicate that well- or gap-graded soils have higher ability to permanently deform 
under cyclic moving wheel loadings than uniformly graded soils. Also, higher shear 
resistance of materials can reduce the risk of higher plastic deformations under cyclic 
moving wheel loading conditions. After introducing the effects, the PSAR through 
moving wheel loading conditions, the plastic deformations at 200 loading cycle was 
increased by 25%, 445%, 479%, 226%, and 175% in soil types from A to D, 
respectively, compared to cyclic single point loading tests. This indicates that 
irrespective to soil type, cyclic single point load underestimates the cumulative 
plastic deformation due to the absence of the PSAR effects.  
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Figure 4-8 Plastic axial strain – number of loading cycle relationships of coarse-
grained soils under cyclic moving wheel loadings 
 
Figure 4.9 illustrated strain amplitude – PSD relationships of coarse-grained 
materials under cyclic loading at 100 and 200 loading cycles. The strain amplitudes 
of soils are approximately constant irrespective to loading cycle number. Ishikawa et 
al. (2011), Ishikawa and Miura (2015), and Inam et al. (2012) showed the similar 
behaviour using coarse-grained ballast and pavement materials under the MRS cyclic 
loadings. The cyclic moving wheel loading test can, however, produce higher strain 
amplitudes than the cyclic single point loading test, irrespective of the soil type, as 
shown in Figure 4.9. This indicates that soil subjected to cyclic moving wheel 
loading has higher resilient properties than cyclic single point loadings. Higher 
plastic strain produced by the cyclic moving wheel load due to the PSAR effect is the 
possible explanation for this higher strain amplitude. Gräbe and Clayton (2014) 
explained this similar response of soils, using a hollow cylindrical torsional shear 
apparatus. The gap-graded soils have higher strain amplitudes than uniformly graded 
soils under cyclic single point loading, as shown in Figure 4.9. Higher cumulative 
plastic deformations of gap-graded soils can generate this higher resilient behaviour 
with cyclic single point loadings. However, with the effect of the PSAR, strain 
amplitude decreases with decreasing the percentage of 5 mm particles. Compared to 
other soil types, soil type A has relatively higher strain amplitude under cyclic 
moving loading. Since soil type A is a uniformly graded soil, it has the minimum 
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plastic deformation as shown in Figure 4.8. Also, this plastic deformation became a 
constant after 75 loading cycles due to the absence of particles with different sizes. 
Therefore, soil type A illustrates higher elastic response compared to other soils 
under cyclic moving wheel loading.    
 
 
Figure 4-9 Strain amplitude – PSD relationships of coarse-grained soils under cyclic 
loadings 
4.4 EFFECTS OF LOADING METHOD AND PSD ON DEFORMATION 
CHARACTERISTICS  
Figure 4.10 illustrates the effects of PSD and different loading conditions on the 
deformation of coarse – grained soils. Due to difficulties in differentiating elastic and 
plastic settlements under static shear test conditions, all values shown under static 
torsional shear tests contain both elastic plastic settlements, while only plastic 
settlement is considered with cyclic loading methods. Even though the settlement 
obtained from static shear tests contains these two primary settlement modes, axial 
strain values are negligible compared to the values obtained from cyclic loads. As 
mentioned in Section 4.2, increasing shear stress can result a higher axial strain. 
However, with increasing percentage of finer particles, its influence is insignificant, 
as shown in Figure 4.10.  
 PERFORMANCE EVALUATION OF UNSATURATED RAIL TRACK FOUNDATIONS UNDER CYCLIC MOVING WHEEL LOAD 97
Under cyclic single point load tests, soil type C has a maximum plastic strain, while 
soil type E has a minimum. Under moving wheel loading condition, soil type C has 
the maximum plastic strain also, while soil type A has the lowest.  With these 
observations, it can be concluded that the maximum and minimum axial strains of 
soil types depend on the type of loading method. Also, cyclic moving wheel loading 
is the most reliable experimental approach to examine the deformation characteristics 
of coarse-grained soil under repeated traffic loadings.   
 
 
Figure 4-10 Axial strain – PSD relationships of coarse-grained soils under different 
loading methods
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Chapter 5: Development of Modified Multi-
Ring Shear Apparatus 
5.1 GENERAL 
The multi-ring shear apparatus is designed for examining coarse-grained soils (≥ 0.075 
mm). It is not possible to use it for fine-grained soil as the fine particles move into the 
gaps between rings to introduce frictional errors. These frictional errors critically impact 
in controlling the shear component using either stress or strain control methods. Two 
rubber membranes were introduced to eliminate this frictional error as shown in Figure 
3.6. Ring shear apparatuses can accurately evaluate the strength parameters at the large 
displacements, since with higher displacements; the progressive failure phenomenon is 
immaterial due to the broader width on the specimen. The rubber membranes can 
introduce frictional stresses at the interface of soil and rubber membrane, reducing the 
soil displacement. This chapter therefore firstly examines the effects of rubber membrane 
on the monotonic and cyclic deformation characteristics of soil specimens and then 
introduces a procedure to eliminate the rubber membrane error. The performances of the 
modified multi-ring shear apparatus (MMRS) in estimating strength parameters and 
deformation behaviour under both monotonic and cyclic loading conditions are then 
validated using the results of the model test data.     
5.2 EFFECTS OF RUBBER MEMBRANE ON DEFORMATION 
CHARACTERISTICS 
5.2.1 Effects of rubber membrane under cyclic loads 
As shown in Figure 3.6, 0.4 mm thick outer rubber membrane and 0.3 mm thick inner 
rubber membrane are used in MMRS apparatus to prevent particle movements into the 
space between rings. In MMRS apparatus, shear stress/strain is applied at the bottom of 
the specimen, as explained in Chapter 3. This can introduce higher frictional effects at the 
outer membrane compared to the inner one, increasing the vulnerability of outer 
membrane for shear/frictional tearing. This is a reason for using a slightly thicker rubber 
membrane at the outer surface of the MMRS specimens.  
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To investigate the effects of rubber membranes on plastic deformation of granular 
material under cyclic single point load (SPL) and cyclic moving wheel load (MVL) 
conditions, identical soil specimens were prepared with and without rubber membranes. 
Then, 5 mm glass beads were used to prepare the specimens with the dry density of 1.62 
g/cm3. Two specimens (with and without membranes) were subjected to SPL by applying 
cyclic vertical stress with the amplitude of 80 kPa and the loading frequency of 0.0167 
Hz. Another two identical specimens (with and without rubber membranes) were 
subjected to cyclic MWL by applying a cyclic vertical stress of amplitude of 80 kPa and a 
cyclic torsional shear stress of amplitude of 13 kPa. Both cyclic stresses (vertical and 
shear) were applied simultaneously with the frequency of 0.0167 Hz. All four specimens 
were subjected to 40 loading cycles. More details on SPL and MWL loading conditions 
are given in section 3.6. 
Figure 5.1 shows the development of cumulative plastic vertical strain with loading 
cycles for specimens with and without rubber membranes and different loading 
conditions (SPL and MWL).  As shown in the figure, the rubber membranes reduce the 
cumulative plastic deformation of the specimens by about 36% and 11% under SPL and 
MWL conditions, respectively.  A number of trail tests were conducted on specimens 
with rubber membranes by increasing the target amplitudes of axial and shear stresses. 
The cumulative plastic vertical strain increased with increasing the stress amplitudes.  It 
was found that the cumulative plastic deformation with rubber membrane reached the 
cumulative plastic deformation obtained without the rubber membranes when the vertical 
stress amplitude was increased by 10% in the SPL condition and both the vertical and 
shear stress amplitudes were increased by 10% and 5 %, respectively, in MWL condition. 
Figure 5.2 shows the accumulation of the axial plastic strain with number of loading 
cycles for tests conducted after the membrane corrections. The applied cyclic vertical 
stress amplitude for the test with rubber membranes was 10% greater (88 kPa in this case) 
than that of without rubber membranes. The applied cyclic shear stress amplitude for the 
test with rubber membranes was 5 % greater (13.65 kPa in this case) than that of with 
rubber membranes. It can be concluded that the targeted cyclic stress amplitudes should 
increase to overcome the membrane effects when using the MMRS apparatus to 
investigate the deformation characteristic of fine-grained soil under cyclic loading 
conditions. The increments of these targeted stress amplitudes may depend on the 
targeted stress amplitude, soil particle sizes, membrane thickness, and elastic properties 
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of membranes. In this research, the membrane effects in the MMRS apparatus were 
overcome by increasing the targeted vertical stress amplitude by 10% and the targeted 
shear stress amplitude by 5 %, irrespective of the material’s grain size distribution and the 
targeted stress amplitude vales.  
 
 
Figure 5-1 Effects of membrane error in MMRS cyclic loadings 
 
 
Figure 5-2 Ɛap – Nc relationships after rubber membrane correction in MMRS 
cyclic loadings 
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5.2.2 Effects of rubber membrane under static torsional shear 
To investigate the effects of rubber membranes on shear behaviour, identical soil samples 
were prepared with and without the rubber membranes. Similar to the investigation with 
cyclic loadings, 5 mm glass beads were used for these sample preparations with a dry 
density of 1.62 kg/cm3. Using eight equal loading increments, maximum axial stress, 80 
kPa, was obtained. These samples were then sheared with constant shear strain rate of 0.1 
%/min and axial stress of 80 kPa. More details on static shear (SS) can be found in 
section 3.6.    
Figure 5.3 illustrates the shear stress – axial strain relationships of specimens with and 
without rubber membranes under static torsional shearing. As shown in the figure, rubber 
membrane reduced the axial strain by 24% at a shear stress of 15 kPa. To eliminate the 
rubber membrane error in cyclic loadings, amplitudes of axial and shear stresses are 
required to increase by 10% and 5% respectively, as shown in Figure 5.2. Similar stress 
increments proposed in cyclic loadings were adopted for checking the suitability of this 
rubber membrane correction for the static torsional shearing. After adding the rubber 
membrane correction, axial strain – shear stress relationships without rubber membrane 
and with rubber membrane corrections is shown in Figure 5.4. There is a good agreement 
between τaθ-εa relationships of soil samples obtained with and without rubber membrane 
corrections. This means that with this proposed membrane correction, the MMRS 
apparatus can overcome the membrane effects. 
 
 
Figure 5-3 Effects of membrane error in MMRS static torsional shearing 
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Figure 5-4 Ɛa – τaθ relationships after rubber membrane correction in MMRS static 
torsional shearing 
5.3 SMALL SCALED MODEL TESTS 
In evaluating the capability of the MMRS apparatus to replicate actual strength and 
deformation characteristics of rail track subgrade materials under different loading 
conditions, finding the suitable experimental conditions is critical. In the laboratory tests 
or field investigations, it is challenging to separate the deformation and strength 
characteristics of subgrade materials from the deformation and strength characteristics of 
sub-ballast or ballast materials. Momoya (2004), however, performed a series of small-
scaled model tests to develop a performance-based design method for Japanese asphalt 
roadbed rail tracks. Resilient and residual deformation characteristics of rail track 
roadbed and subgrade were evaluated using both cyclic single point load tests and cyclic 
moving wheel load tests. Two subgrade soil types, Toyoura sand and gravelly sand, with 
different asphalt layer thickness, were prepared in that study to optimise the traditional 
Japanese asphalt layered rail track prototype. All models studied in this investigation 
were scaled down by 1/5 with the prototype. Figure 3.12(a) illustrates the schematic 
diagram of the small-scaled model with Toyoura sand as subgrade material. In these 
model tests, a wheel on each rail was loaded to a vertical load of 1.5 kN and it was moved 
with the speed of 600 mm/min. A model test performed only with subgrade and rail track 
superstructure by Momoya (2004) was adopted for this study, since estimating subgrade 
response under moving wheel load is the key aspect of the research.   
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5.4 PERFORMANCE OF MMRS APPARATUS  
Both cyclic single point and moving wheel loading conditions were used to evaluate the 
performance of the MMRS apparatus in replicating the deformation characteristics under 
the effects of the PSAR. Strength – deformation characteristics and the effects of friction 
between rings – rubber membranes specimen were further evaluated under static torsional 
shearing. The following section discusses in detail the findings of these evaluations of the 
MMRS apparatus under different loadings and soil densities.  
5.4.1 Performance under cyclic loads 
To evaluate the performance of the MMRS apparatus in estimating the deformation 
characteristics of soil under real traffic loads, a series of cyclic loads was carried out 
under cyclic single point and moving wheel loading conditions. Considering the model 
test loading conditions, amplitudes of axial and shear stresses were defined as 80.12 kPa 
and 13.12 kPa, respectively, for the MMRA experiments given in section 3.6. To 
replicate the wheel speed of the model test, the frequency of the MMRS cyclic loads was 
selected as 0.0059 Hz. Air-dried Toyoura sand as subgrade soil with a density of 1.56 
g/cm3 was cyclically loaded for 100 loading cycles, according to the model test 
conditions. Considering the moving speeds of the wheel in the model test, a total number of 100 
loading cycles was adopted with this lower frequencies. These wheel load speed was much 
lower compared to in-situ wheel speed due to the constraints of both the MMRS apparatus and 
the model test. The plastic deformation properties of air-dried specimens obtained from the 
MMRS tests with the loading frequency effects can be therefore indirectly applied to designs with 
corrections. Following are the findings on this experimental series.      
Figure 5.5 illustrates σa-εa relationships of the model test under cyclic moving wheel load 
conditions and the MMRS tests under both cyclic moving wheel and cyclic single point 
load conditions. At the early stages of loading cycles, larger hysteresis loops are 
generated and with loading cycle number, this area however significantly reduces, 
indicating gain of the elastic properties. These elastic properties become constant with the 
loading cycle number as shown in Figure 5.5. The difference between the maximum axial 
strain during loading and minimum axial strain during unloading of each cycle (strain 
amplitude) gradually increases within pre-loading cycles and then it approximately 
becomes a constant with loading cycle number. This behaviour therefore indicates that 
cumulative maximum axial deformation is an indicator of the cumulative plastic 
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deformation of subgrade materials. The strain amplitude within loading cycles under the 
MMRS test, which is approximately 185% higher than the model test, designates that the 
MMRS test generates higher resilient properties in the rail track subgrade under cyclic 
moving wheel loading conditions compared to the model test.  
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Figure 5-5 σa-εa relationships: (a) model test (Momoya, 2004), (b) MMRS moving 
wheel loading test, (c) MMRS single point loading test. 
A relatively lower hysteresis loop area appears under cyclic single point load conditions 
less than under any moving wheel load test. Reduction rate of the area of a hysteresis 
loop with loading cycle number also becomes significant compared to any cyclic moving 
wheel load condition. This performance explains the reduction of the rate of cumulative 
plastic deformation with loading cycle numbers under the cyclic single point load test 
rather than the cyclic moving wheel load test. This behaviour further illustrates that a 
cyclic single point load test can quickly introduce apparent elastic properties with lower 
cumulative plastic deformation. A higher axle load (wheel load) is however required to 
achieve certain plastic deformation properties, which results from a lower axle load with 
the effects of PSAR. This behaviour further enhances the requirements of the 
modifications to the conventional single point load test to approximate the actual plastic 
deformation characteristics of a rail track subgrade.   
Figure 5.6 illustrates plastic axial strain (εa (%)) vs number of loading cycle (Nc) 
relationships obtained from the model test under cyclic moving wheel load conditions 
and MMRS tests under cyclic moving wheel load conditions and cyclic single point load 
conditions. Results show that the MMRS apparatus slightly underestimated the 
cumulative plastic deformations compared to the model test under moving wheel loading 
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conditions. Within the pre-loading cycles, the plastic axial strain measured from the 
MMRS moving wheel test increased by 14% more than the model test. Then, within the 
first 25 loading cycles, there is a good agreement with the cumulative plastic 
deformations obtained from the MMRS apparatus and the model test under similar 
loading conditions. However, at the end of 100 loading cycles, the MMRS apparatus 
underestimated the cumulative plastic deformation of air-dried soil, which was subjected 
to moving wheel traffic by 19% compared to the model test. In the MMRS test, it is 
unable to quantify the initial settlement introduced by the self-weight of the top loading 
plate as mentioned in Chapter 3, using an external dial gauge. Vertical and shear stresses 
on the soil layer, which were used in this validation process of the MMRS apparatus, 
were equal to the stress state at the bottom of the sleeper of the model test. As the model 
contained two wheels, the actual combined stresses experienced by soil due to these two 
wheels, may be slightly higher than the stresses under the sleeper.  These may be the 
possible reasons behind this diversion of the cumulative plastic axial strain distributions 
measured from the model and the MMRS tests under cyclic moving wheel loading 
conditions.  
Additionally, the MMRS apparatus under cyclic single point loading conditions was 
unable to produce the cumulative plastic deformations obtained from the model test under 
moving wheel loading conditions as shown in Figure 5.6. Due to the absences of PSAR, 
the MMRS single point loading conditions underestimated the cumulative plastic 
deformations by 47% after 100 loading cycles compared to the model test with moving 
wheel loadings. Under similar conditions, the MMRS moving wheel loadings produced 
34% of higher cumulative plastic deformation than the MMRS single point loadings. 
These results indicate that the presence of the PSAR can be significantly influenced on 
both the plastic deformation and the rate of cumulative plastic strain, as illustrated in 
Figures 5.5 -5.6. These results shows that different loading methods create significant 
influence on the plastic axial deformation of subgrade and highlight the requirement of 
improvements in the conventional experiment methods, which are unable to account for 
the effects of the PSAR. σa - Ɛa and εa - Nc relationships illustrated in Figures 5.5 and 5.6, 
respectively lead to the conclusion that the cyclic moving wheel load test is an effective 
test method to evaluate the influence of the PSAR on the cumulative plastic deformation 
of rail track subgrade and the MMRS apparatus is a better alternative to replicate the 
moving wheel load conditions.  
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Figure 5-6 Comparison between εa-Nc relationships for model tests and MMRS 
tests 
5.4.2 Performance under static torsional load 
As Figures 5.5 – 5.6 illustrate the validity of the MMRS apparatus to replicate the stress 
state of fine-grained subgrade under cyclic moving wheel load, it is required to check its 
validity in the static shear loading conditions that were examined as compared with 
Ishikawa et al. (2011). They performed a static torsional shear test using a hollow 
cylindrical torsional shear apparatus. Sample was prepared for this experiment using air-
dried Toyoura sand with a density of 1.54 g/cm3 sheared under a constant shear strain rate 
of 0.1 %/min and axial stress of 49 kPa. Figure 5.7 shows τaθ-γaθ relationship of air-dried 
Toyoura sand. There is a good agreement between strength characteristics measured by 
Ishikawa et al. (2011) and MMRS static shear (MMRS SS) loading conditions. MMRS 
SS load only overestimates the shear stress by 5%. The possible reason behind this 
overestimation is that Toyoura sand has a higher frictional angle compared to glass beads 
and membrane error estimated for the MMRS apparatus may be little bit higher for 
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Toyoura sand. Considering all these facts, it seems reasonable to conclude that the 
membrane error estimated with glass beads is suitable for Toyoura sand up to certain 
conditions under static shear loading conditions and the MMRS apparatus can 
approximate the strength characteristics of subgrade material under static shear loading 
conditions. Due to the limitations of glass beads such as non-cohesion, under-estimated 
frictional angle by the shape of the glass beads, and limited water content conditions, 
membrane error is required to further investigate under different materials.    
 
 
Figure 5-7 Comparison of τaθ-γaθ relationships 
Figure 5.8 compares εa-γaθ relationships between Ishikawa et al. (2011) and MMRS static 
shear loading conditions for Toyoura sand. Axial strain variation measured with MMRS 
static shear loading conditions has a good agreement between axial strain measured by 
Ishikawa et al. (2011). With the current measuring and loading instruments, it is however 
unable to reach the maximum shear stress. A further modification is therefore required to 
evaluate the performance of the MMRS apparatus at the maximum shear stress of a given 
soil type. Considering all these facts, it is reasonable to conclude that the MMRS 
apparatus has the capability to reproduce axial strain up to a certain shear strain under 
static shear loading conditions.     
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Figure 5-8 Comparison of εa-γaθ relationships 
5.4.3 Effects of friction between rings – rubber membranes – specimen on torsion 
Since the torsion (torque) was applied from the bottom of the sample, it is required to 
evaluate the loss of torsion at the top of the specimen. Friction between rubber 
membranes and rings, and friction between specimen and rubber membrane can decrease 
the torsion at the top of the specimen compared to the bottom. A static torsional 
experiment series was performed using air-dried Toyoura sand with different densities, to 
evaluate this torsion transferring process from bottom to top of the specimen. Air-dried 
specimens prepared with densities of 1.56, 1.58, and 1.6 g/cm3 were sheared under a 
constant shear strain rate of 0.1 %/min and an axial stress of 80.12 kPa. 
Figure 5.9 compares the relations for these three specimens, between two types of shear 
stresses measured at the loading (top) plate and the bottom plate and the shear strains in 
the MMRS experiments. Both shear stresses at the top and bottom plates increase with 
increasing shear strain irrespective to soil density. This further illustrates an insignificant 
variation between these two shear stresses for any soil density. This indicates that the 
torsion can be transferred from the bottom to the top of the specimen without any loss 
due to the friction between rings – rubber membranes – specimen in the MMRS 
apparatus.        
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Figure 5-9 Effects of friction between rings – rubber membranes – specimen in 
MMRS apparatus 
Summarising all these facts, the performance of the MMRS apparatus can be highlighted 
as follows; 
• Effects of rubber membranes can be eliminated with increase of both 
targeted axial stress and shear stress by 10%, and 5%, respectively. In 
obtaining these two corrections, the material dependency was neglected. As 
these corrections were estimated by only using glass beads, there is still 
room to evaluate membrane error with different loading materials. Key 
difficulties in choosing materials to estimate the membrane error are (a) 
material should not contain sharp edges as it can damage the rubber 
membrane, and (b) material should not contain finer particles less than 
0.075 mm as movement of such particles into the space between rings can 
introduce an additional frictional error. 
• MMRS apparatus can estimate deformation characteristics of subgrade 
materials of a rail track under cyclic moving wheel loading conditions with 
lower loading frequencies. As this validation was performance using only 
Toyoura sand, there is still room to evaluate its performance with different 
soil types. As MMRS apparatus is still unable to withstand higher loading 
frequency due to difficulties in accurately controlling loading conditions, 
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only slow-loading experiments are required to perform. In the literature, it is 
very difficult to find experiments performed under slow-loading rates with 
possibilities in separation of the performance of the subgrade materials from 
other materials of a rail track.   
• MMRS apparatus can estimate both deformation and strength characteristics 
of Toyoura sand under static shear loading conditions. There is still room to 
find its performance with different subgrade materials and loading up to 
failure point.  
• The torsion can be transferred from the bottom part of the specimen to the 
top part without any loss as a result of the friction between rings – rubber 
membranes – specimen in the MMRS apparatus. 
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Chapter 6: Shear behaviour of fine grained 
materials 
6.1 INFLUENCE OF SHEAR STRAIN RATE ON SHEAR DISPLACEMENTS 
The effects of shear strain rate on shear behaviour of the subgrade of rail track was 
evaluated using MMRS apparatus under static torsional shear loading conditions to 
replicate static direct shear test conditions. Figure 6.1 illustrates the shear stress – shear 
strain relationships of air-dried Toyoura sand, with a density of 1.56 g/cm3 under two 
shear strain rates: 0.05 %/min and 0.1 %/min. During the shearing, the axial stress was 
kept at a constant, 80.12 kPa. Maximum shear strain of static torsional shear tests in the 
MMRS apparatus was restricted to 3% in this study. As shown in Figure 6.1, shear stress 
of this soil increases with increasing shear strain irrespective to the shear strain rate. The 
shear strain rate does not significantly impact on the maximum shear stress in Figure 6.1. 
This indicates that the shear strain rate does not control the coefficient of earth pressure at 
rest (K0). This coefficient can be estimated as the effective frictional angle of soil by 
using Eq. 2.12.  As shear strain rates does not have a significant influence on the K0 of 
air-dried soils, the rotational angle of the principal stress axis during cyclic moving 
loadings of the MMRS tests, only depends on the applied axial and shear stresses. Saito 
et al. (2006) also showed that the shear strain rate is independent on the residual frictional 
angle of Silica sand using a ring shear apparatus.  
Figure 6.2 illustrates the axial – shear strain relationships of air-dried Toyoura sand with 
a density of 1.56 g/cm3 under these two shear strain rates. As shown in Figure 6.2, axial 
strain increases with increasing shear strain regardless of the shear strain rate. Normally, 
loose sand contracts in volume on the shearing and may not result in as distinct a peak 
strength as dense sand. This similar behaviour can be found in this soil with density of 
1.56 g/cm3, where soil contracts with the shearing. According to Figure 6.2, axial strain 
increases under the lower shear strain rate within the early shear strain values than the 
higher shear strain rate. This means that shear resistance of air-dried Toyoura sand is 
vulnerable to the lower shear strain rate up to a certain shear strain limit under the MMRS 
static torsional shearing. The axial strain however tends to become approximately a 
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similar value at the higher shear strain in the MMRS tests, as shown in Figure 6.2. This 
indicates that at higher shear strains, the shear strain rate is independent on the axial 
strain of air-dried soils.   
 
 
Figure 6-1τaθ - γaθ relationships of air-dried soils under shear strain rate 
 
 
Figure 6-2 εa - γaθ relationships of air-dried soils under shear strain rate 
6.2 INFLUENCE OF SOIL DENSITY ON SHEAR DISPLACEMENTS 
Figure 6.3 shows the shear stress – shear strain relationships of air-dried Toyoura sand 
with three different densities, 1.56 g/cm3, 1.58 g/cm3, and 1.60 g/cm3 under shear strain 
rate of 0.1 %/min. The axial stress was kept at a constant, 80.12 kPa during the shearing 
of the specimens. As shown in Figure 6.3, the shear stress increases with increasing shear 
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strain for any soil density. Also, higher soil density results in larger shear stress at any 
shear strain. Shear stress of soil samples with densities of 1.58 and 1.6 g/cm3, 
approximately increases by 15% and 31% compared to soil with a density of 1.56 g/cm3. 
Since maximum shear stress increases with the soil density, the effective friction angle of 
these air-dried soils is a function of the density. 
 
 
Figure 6-3 τaθ - γaθ relationships with subgrade density 
Using Coulomb’s equation (Eq. 2.15), the effective friction angle of these air-dried soils 
was estimated. The effective cohesion was assumed as zero during this calculation as 
there is no effective cohesion in the granular materials (Heath et al., 2004). As the 
maximum stress was obtained at a shear strain of 3%, the calculated effective internal 
friction angle may be underestimated in this study. Table 6.1 summarises the effective 
friction angle of air-dried Toyoura sand with different densities and parameters required 
in the calculation process. According to Table 6.1, the effective internal frictional angle 
of soil increases with increasing soil density with a constant shear strain rate. The 
effective internal frictional angle was then used to calculate the K0, using Eq. 2.12. 
Increasing subgrade density reduces the K0 given in Table 6.1. As the K0 is a function of 
the soil density, the rotational angle of the principal stress axis during cyclic moving 
loads depends on the effective friction angle of soil, axial, and shear stresses. This 
indicates that the soil with a density of 1.56 g/cm3 results in a higher rotational angle of 
the principal stress axis during cyclic moving loadings, compared to other soils.   
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Table 6-1 Internal effective frictional angle of air-dried Toyoura sand 
Subgrade density 
(g/cm3) 
Shear stress at 
3% shear 
strain, τaθ (kPa) 
Effective internal 
fictional angle, φ’ 
(deg.) 
coefficient of 
earth pressure at 
rest, K0 
1.56 (RC = 95%) 42.46 27.93 0.532 
1.58 (RC = 97%) 48.93 31.41 0.479 
1.60 (RC = 99%) 55.71 34.81 0.429 
 
Figure 6.4 illustrates the axial – shear strains relationships of air-dried Toyoura sand 
specimens with three different densities, 1.56 g/cm3, 1.58 g/cm3, and 1.60 g/cm3 under a 
shear strain rate of 0.1 %/min and a constant axial stress of 80.12 kPa. As shown in 
Figure 6.4, soil tends to dilate as density increases. Coarse sand may also contract, 
slightly similar to loose sand, before granular interlocking prevents further contraction. 
After interlocking happens, soil dilates with further shearing. Based on the observations 
of Figure 6.4, soil with density of 1.56 g/cm3 can be considered as loose sand, while 
others exhibit behaviour of the dense sand under the MMRS static torsional shearing.      
 
 
Figure 6-4 Figure 6.4 εa - γaθ relationships with subgrade density 
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In a model test (Momoya, 2004), the maximum shear stress was ±13.12 kPa under a 
constant axial stress of 80.12 kPa, as shown in Figure 3.10. Therefore, effects of subgrade 
density on the axial and shear strains were evaluated under constant shear stresses of 
13.12 kPa and 26.24 kPa as shown in Figure 6.5. This indicates that shear strain decreases 
with increasing subgrade density, irrespective to shear stress. Increasing shear stress 
results in a higher shear strain in any subgrade density. It further shows that increasing 
shear stress can further contract loose sand, while dense sand dilates.      
 
 
Figure 6-5 εa-ρ and γaθ- ρ relationships of air-dried soil at constant shear stresses 
Figure 6.6 illustrates the axial strain – soil density and shear stress – soil density 
relationships of air-dried Toyoura sand under constant shear strains of 2% and 3%. 
During these experiments, the axial stress of 80.12 kPa and the shear strain rate of 0.1 
%/min were kept constant. Similar to Figure 6.5, increasing shear strain increases shear 
stress in soil with any density. Also, higher soil density results in larger shear strain at a 
constant shear stress as shown in Figure 6.6. Increasing shear strain results in higher 
contraction in loose sand, while there is higher dilation in coarse sand.    
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Figure 6-6 εa-ρ and τaθ- ρ relationships of air-dried soil at constant shear strains 
6.3 INFLUENCE OF DEGREE OF SATURATION OF SOIL ON SHEAR 
DISPLACEMENTS 
To evaluate the influence of degree of saturation of unsaturated Toyoura sand, 
relationships between shear stress, shear strain, axial strain, and soil water content 
(degree of saturation) were examined in Figures 6.7 - 6.10. Constant dry density of 1.46 
g/cm3, axial stress of 65.3 kPa, and shear strain rate of 0.1 %/min were maintained during 
the sample shearing. This maximum axial stress was selected from FE analysis with the 
real track and loading conditions. As illustrated in Chapter 3, four soil water contents of 
7.8% (Sr = 26%), 9.6% (Sr = 32%), 14.0% (Sr = 47%), and air-dried (Sr = 0.16%) were 
used in this investigation. 
Figure 6.7 illustrates the shear stress – shear strain relationships of unsaturated Toyoura 
sand under the MMRS static torsional shearing. Shear stress increases with increasing 
shear strain irrespective to any soil water content. However, soil water content does not 
significantly impact on the shear stress – shear strain relationships as shown in Figure 
6.7. Relatively higher maximum shear stress appears in air-dried soil, while soil with 
water content of 14% has the lowest. This indicates that water menisci can slightly 
control the mechanical properties of unsaturated soil in the MMRS tests. Increasing the 
water content, results in lowering the frictional force between the soil skeletons. This 
enhances the ability of particle movements during shearing, resulting a lower maximum 
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shear stress. This further describes that under moving wheel loading test conditions, air-
dried soil may have a relatively higher resistance to compression due to higher shear 
resistance than other soil. Also, soil with a water content of 14% may have relatively 
higher deformation, due to reduction of shear resistance with increasing water content.  
 
 
Figure 6-7 τaθ - γaθ relationships with soil water content 
With changes of the maximum shear stress, the effective friction angle of unsaturated soil 
may vary with the soil water content. Internal friction angle of soils with different water 
content was calculated using Eqs. 2.13 – 2.15 to evaluate dependency of shear strength of 
unsaturated soils. Table 6.2 summarises effective internal friction angle (ϕ’) of 
unsaturated soils. Coulomb’s equation (Eq. 2.15) is used to estimate the effective internal 
friction angle. Effective cohesion is also assumed to be zero in this calculation, since 
there is no effective cohesion in granular materials under consolidated drained conditions 
(A. Heath et al., 2004). Shear stress at shear strain of 3% is considered as maximum shear 
stress in this analysis also. Effective normal stress in Coulomb’s equation is obtained, 
using Bishop’s equation for the unsaturated soil given in Eq. 2.13. To estimate effective 
normal stress by using Bishop’s equation for the unsaturated soils, axial stress is obtained 
from the MMRS static torsional shear experimental results. Pore-water pressure becomes 
negative as shown in Figure 3.5 since pore air pressure is assumed as atmospheric 
pressure in the MMRS experiments. A similar assumption was made by Inam et al. 
(2012), when estimating influence of water content of pavement materials on the 
effective friction angle calculation. Pore air pressure is therefore considered as zero in 
this study. To obtain matric suction values for each water content, the soil-water 
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characteristic curve shown in Figure 3.5 was used. Even with a similar void ratio used in 
the soil-water characteristic curve and static torsional shear specimens before loadings, 
the final void ratio of the MMRS static torsional shear specimen can slightly decrease at a 
shear strain of 3% due to a small increase in the axial strain, as shown in Figure 6.10. 
Inam et al. (2012) argued that the soil-water characteristic curve is still applicable to 
obtain matric suction values of unsaturated pavement materials, even slightly change of 
the dry density (void ratio), considering small axial strain occurrence. This argument is 
therefore adopted in this study to obtain matric suction values of unsaturated subgrade 
materials from Figure 3.5, considering small axial strain occurrence under the MMRS 
static torsional shear loadings. As axial stress is a constant, matric suction multiplied by χ 
parameter creates insignificant influence of shear stress. According to Table 6.2, the 
water content of test material does not effect on the effective internal friction angle of 
subgrade. The results of Table 6.2 can be summarised as water content of subgrade 
materials does not significantly control the effective friction angle of unsaturated Toyoura 
sand specimens under consolidated drain conditions in the MMRS tests.  
Table 6-2 Internal friction angle of unsaturated subgrade materials 
Water 
content, 
w (%) 
Shear stress 
at 3% shear 
strain, τaθ 
(kPa) 
Degree 
of 
saturatio
n, Sr (%) 
 
χ 
Matric 
suction, 
(ua-uw) 
(kPa) 
Effective 
internal 
fictional angle, 
φ’ (deg.) 
coefficient 
of earth 
pressure at 
rest, K0 
Air-
dried 
37.07 00 0.0 0.0 29.6 0.506 
7.8 36.76 26 0.2 3.8 29.1 0.514 
9.6 36.27 32 0.3 3.6 28.7 0.520 
14.0 36.73 47 0.4 3.2 28.8 0.517 
 
Figure 6.8 illustrates the axial -shear strain relationships of unsaturated Toyoura sand. 
Axial strain contracts with increasing shear strain irrespective to the soil water content. 
Air-dried subgrade has the highest shear resistance to contraction, while soil with water 
content of 14% has the lowest. This observation agrees with results discussed in Figure 
6.7 with the maximum shear stresses. However, as shown in the figure, the water content 
in the range of 7.8% - 14% does not create significant impact on volume change in the 
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specimen (axial strain). The soils with 7.8%, 9.6%, and 14% water content are still 126%, 
138% and 141% more contractive, respectively, than the air-dried soil.     
 
 
Figure 6-8 εa - γaθ relationships with soil water content 
After linear elastic FE analysis, as explained in Chapter 3, the maximum shear stress and 
axial stress were obtained as ± 18.1 kPa and 65.3 kPa, respectively, at the interface 
between subgrade and ballast layer under an axle load of 125 kN. Considering the 
maximum shear stresses obtained from the MMRS static torsional shearing, and the FE 
analysis, influence of soil water content on axial, shear strains and shear stress were 
evaluated under constant shear stresses of 15 kPa, 18.1 kPa, and 30 kPa and shear strains 
of 1%, 2%, and 3%.  
Figure 6.9 illustrates the εa-w relationships and γaθ-w relationships of unsaturated soil at 
shear stresses of 15 kPa, 18.1 kPa, and 30 kPa. Shear strain is approximately constant 
with increasing soil water content irrespective to the shear stress. Similar to Figure 6.7, 
shear strain however increases with increasing shear stress. Axial strain also increases 
with increasing soil density regardless of the shear stress as shown in Figure 6.9. Also, 
higher shear stress results in larger axial strain of soil with any subgrade density. Air-
dried soil has the highest shear resistance, while soil with a water content of 14% has 
lowest. At lower shear stress, there is however a clear indication of a peak axial strain 
between water contents of 9.6% and 14%. Axial strain gradually increases with water 
content at shear stress of 30 kPa. This means that with higher shear stress, the optimum 
water content to obtain the highest axial strain may shift.     
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Figure 6.10 illustrates the εa-w and τaθ-w relationships of unsaturated soil at shear strains 
of 1%, 2%, and 3%. Shear stress is constant with increasing soil water content under any 
shear strain and it increases with increasing shear strain irrespective to soil water content. 
These results agree with the results obtained from Figure 6.9. Axial strain increases with 
increasing soil water content at any shear strain value and it further increases with higher 
shear strains, regardless of soil water content. Similar to Figure 6.9, air-dried soil has 
highest shear resistance under the MMRS static torsional shearing. εa-w relationships at 
same shear strain describe the tendency of having maximum axial strain between water 
contents of 9.6% and 14% under every shear strain value as shown in Figure 6.10. Such 
similar behaviour was found in road pavement materials under the MRS static torsional 
shearing (Inam et al., 2012).   
 
 
Figure 6-9 εa-w and γaθ-w relationships of unsaturated soil at constant shear 
stresses 
 
 
 PERFORMANCE EVALUATION OF UNSATURATED RAIL TRACK FOUNDATIONS UNDER CYCLIC MOVING WHEEL LOAD 123
Figure 6-10 εa-w and τaθ-w relationships of unsaturated soil at constant shear 
strains 
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Chapter 7: Development and validation of FE 
models rail tracks 
7.1 INTRODUCTION 
Predicting the soil behaviour by numerical methods such as finite element method (FEM) 
is one of the key aspects in soil mechanics. It allows a deeper look into the complex 
problems such as deformation and strength characteristics of substructural materials of a 
rail track under moving wheel loading conditions, which are unable to be solved using 
conservative methods. Even though it has limitations in modelling some properties of soil 
under different physical states and loading conditions, ABAQUS (Hibbitt & Sorensen, 
2005) is therefore widely used to solve complex geotechnical engineering problems 
including two- and three-dimensional configurations (Helwany, 2007). Common FE 
software such as FLAC and Plaxis are unable to use in this purpose since the stress state 
induced by a moving wheel is unable to be simulated with this FE software. This study 
therefore used a general purpose, finite element software, ABAQUS, for modelling a rail 
track under moving wheel loading conditions to produce the deformation and strength 
behaviour of subgrade materials. Using such a generic purpose finite element method, it 
is important to select suitable modelling techniques such as elements and materials of a 
rail track, loading method, constitutive material models for non-linear behaviour of 
subgrade materials, and boundary conditions. Figure 7.1 summarises the modelling 
components of a 2-D rail track under different loading methods. 
After defining suitable finite element techniques in modelling material behaviours, 
material elements, element interfaces, boundary conditions, and loading methods, each of 
them was validated using current literature or experimental results. Due to its complexity, 
the sleeper-ballast interface was considered as rigid in this study, even though it shows 
non-elastic behaviour under train loads. 
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Figure 7-1 Components of an FE model of a traditional rail track 
7.2 MODELLING PROCEDURE OF FE MODELS 
Momoya (2004) performed a series of small-scaled model tests using Toyoura sand as 
subgrade material. One of these model tests was simulated in this study to evaluate 
subgrade response under the effects of PSAR. Using an FE analysis, Momoya (2004) 
showed that 2-D modelling of the small scaled rail track with plain strain conditions can 
approximately simulate  the actual deformation characteristics. Referring to this 
observation, this study also developed 2-D FE models of the small scaled model tests. 
Depending on acceleration or breaking of wheels or sudden stiffness change of track, 
static load can be either greater or less than the vertical load exerted from the moving 
wheel load.  
Quasi-static load by gross tare, centrifugal force, cantering force in curves and switches, 
and cross wind load and dynamic load by track irregularities, track discontinuities, 
corrugation, and vehicle defects are the two loading types on a rail track (Esveld, 2001). 
The author further believed the dynamic wheel load is like a fatigue load compared to 
quasi-static load. It is a common practice to accommodate the dynamic effects by adding 
a portion of static wheel load. This portion can be calculated by multiplying the static 
wheel load by the dynamic amplification factor (DAF) (Powrie et al., 2007). DAF 
depends on train speed, track quality, and confidence interval and the typical range of 
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DAF is between 1.1 and 2.8 (Esveld, 2001). A minimum of 150% of the static wheel load 
is allowed as dynamic response accounting for high frequency effects of the wheel/rail 
load interaction and track component response in AS 1085.14—2003 (Australian  
Standard, 2003). After a dynamic FEM study, Gräbe (2002) showed that the impact of 
dynamic effects on the stress below the rail track is negligible for speeds up to 240 km/h. 
As this FE analysis only considered the maximum train speed of 200 km/h, dynamic 
analysis was not performed since static analysis is sufficient under selected conditions. In 
this study, Eq. 7.1 was used to account for the dynamic effects.  
Wdyn
Wstat
= 1
���1−�
V
Vcr
�
2
��
                                                                                                               Eq. (7.1)   
where: 
wdyn: dynamic wheel load 
Wstat: static wheel load 
V: train speed 
Vcr: critical Rayleigh wave velocity 
Rayleigh wave velocity of soil can be estimated with Eq. 7.2. For most of the subgrades, 
the effects of train speed on the excess deformation is unlikely to be a problem, for which 
the Rayleigh wave velocity is equal to 500 m/s (Esveld, 2001).  
𝑉𝑐𝑟 = 𝐶𝑉𝑠                                                                                                                    Eq. 
(7.2) 
where: 
𝐶 =  0.82 + 1.14𝑣1 + 𝑣  
Vs = � E2ρ(1 + 𝑣) 
E: elastic modulus of soil 
v: Poisson’s ratio 
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7.2.1 Elements 
Either shell or beam elements can be used to model the rail in FE analyses. For a 2-D 
analysis, rail should be characteristically continuous, if rail is simulated with shell 
elements, and this leads to scaling the Young’s modulus to satisfy the 2-D analysis 
requirements. A beam element was therefore selected for this study. An ordinary Euler-
Bernoulli (E-B) beam, which only accounts for bending of the rail or Rayleigh 
Timoshenko (R-T) beam, which accounts for both rotator inertia and shear deformation 
of a beam, are the two methods used to model rail using beam elements. The 3-node 
quadratic beam element (B22 in Abaqus), a type of Rayleigh Timoshenko (R-T) beam, 
was selected for simulating the rail in this study. This element type was used in 2-D 
modelling of rail tracks studies by a number of researchers (Clark et al., 1982; Grassie et 
al., 1982; Wu & Thompson, 1999; L. A. Yang et al., 2009). 
The 4-node bilinear plane strain element (CPE4 in Abaqus) is the common shell element 
type to model the rail track layers in a 2-D analysis (Gräbe, 2002; Powrie et al., 2008; 
Powrie et al., 2007; L. A. Yang et al., 2009). As small-scale model conditions also agree 
with plain strain conditions, this study used CPE4 to model all other track features except 
beam. Furthermore, the key aspect of this study is to examine stresses and strains 
introduced by train loads under either static or moving conditions; effects of self-weight 
and pore-pressure generation with loading were ignored. With these assumptions, CPE4 
elements are therefore more suitable to model the rail track elements below the rail.  
7.2.2 Mesh size 
The static load applied on sleeper No. 8 in Figure 3.12(b) gradually transfers into the 
lower layers. To find suitable mesh size for FE models, only linear elastic properties of 
Toyoura sand were used for all substructure layers. After applying vertical load of 125 
kN on the beam at the middle of sleeper No. 8, stresses at different depths in the subgrade 
were obtained from a linear elastic analysis. These results were then compared with 
theoretical values obtained from Eq. 7.3 with a similar scenario. Considering thicknesses 
of substructure layers, soil was modelled as homogeneous soil with a uniform Young’s 
modulus of 80 MPa. Selection of this Young’s modulus will be discussed in Section 
7.2.3. Powrie et al. (2007), however, showed that with homogeneous soil, the maximum 
surface displacement increases with the size of the mesh and it agrees with the closed-
form elastic solutions proposed by Poulos and Davis (1974). In view of these facts, three 
mesh densities were investigated in this study: coarse, intermediate, and fine. Gräbe 
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(2002) showed that a static analysis can be acceptable for speeds up to 240 km/h (67 m/s) 
on a firm subgrade. Considering this fact, the wavelength concept to compute the 
minimum mesh size was not employed in the FE modelling.  
∆𝜎𝑧 = 𝑞𝜋 �tan−1 �𝑥𝑧� − tan−1(𝑥−𝐵𝑧 ) + sin �tan−1 �𝑥𝑧� − tan−1(𝑥−𝐵𝑧 )� cos �tan−1 �𝑥𝑧� +tan−1(𝑥−𝐵
𝑧
)��                                                                                                              Eq. 
(7.3) 
where: 
σz: vertical stress along the depth 
q: applied force per unit area 
B: width of loading strip 
Intermediate mesh consists of 9,000 elements, while coarse mesh has only 350 elements. 
With the intermediate mesh, element size reduces by half the coarse mesh size, while at 
fine mesh, it further reduces by another half compared to the intermediate mesh. Such 
lower reduction of mesh size at fined mesh results in 33,216 elements. The increase in 
vertical stress under sleeper No. 8 in Figure 3.12(b) was calculated for z = 0 to 0.24 m 
with substitution of x = 0 m. For all these cases, left-hand and right-hand boundaries were 
prevented from moving in horizontal directions, but free to move vertically, while the 
bottom boundary was pinned. Even though all of these mesh densities results identical 
ground-surface displacement, there is a difference in stresses as shown in Figure 7.2. This 
illustrates the vertical stress variation along the depth from the sleeper soffit. To calculate 
normalised vertical stress, vertical stress was divided by σ sb, the nominal maximum 
surface stress between sleeper and ballast, while depths were normalised respective to the 
space between sleepers (S = 120 mm, small scaled down model). Considering normalised 
stress variation with the depth and time required for analysis, intermediate mesh density 
was selected for further modelling.   
Figure 7.3 illustrates the variations of normalised vertical stress with the depth between 
FE modelling and theoretical values, when rail and sleepers are directly on the natural 
ground.  Near to ground-surface, there is a good agreement between these two variations. 
Li and Selig (1998a) argued that reduction of train-induced stress on the subgrade, 
especially near to the surface, is important to reduce the vulnerability for the excessive 
plastic deformation or subgrade failures. As in near to ground surface, where experienced 
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stress on the subgrade is significant, intermediate mesh density provides excellent 
agreement with the stresses calculated using the analytical solution as shown in Figure 
7.3; intermediate mesh density is suitable for further studies of subgrade response with 
and without the effects of PSAR.                     
 
 
Figure 7-2 Mesh converge study 
 
Figure 7-3 Validation of FE mesh density 
Material models 
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Selection of a proper constitutive material model for each material used in the analysis to 
replicate the material behaviour is one of the key requirements in numerical analyses. In 
this study, as the main focus is to examine the behaviour of subgrade materials under the 
effects of PSAR, all other track elements excluding subgrade were considered as linear-
elastic, similar to previous studies (Gräbe, 2002; Li & Selig, 1998a; Powrie et al., 2008; 
Powrie et al., 2007; L. A. Yang et al., 2009).  
Even though most of numerical studies considered elastic material models for subgrade 
materials, soil in most illustrations shows nonlinear behaviour. Due to their nonlinear 
behaviour, elastic-plastic constitutive material models are appropriate to simulate the 
actual behaviour of soil. The linear Drucker-Prager plasticity model is popular in FE 
analyses for various geotechnical applications. This model is appropriate to soil 
behaviour, as it is capable of considering the effects of stress history, stress path, and the 
effects of principal stress (Helwany, 2007; Hibbitt & Sorensen, 2005). This study 
therefore selected the linear Drucker-Prager constitutive material model to simulate soil 
behaviour of a rail track. In this material model, elastic behaviour is simulated with linear 
elastic properties using the generalised Hooke’s law. The plastic behaviour of this model 
is determined by the Drucker-Prager failure surface as given in Eq. (2.17). Chapter 2 
explains more information on these constitutive material models.    
To define the failure surface, hardening, and flow, the frictional angle of the material in 
the meridional stress plane (β) and dilation angle in the p-t plane (ψ) is explained in 
Chapter 2. Under plain strain conditions, constitutive model parameters are often required 
to match for providing the same flow and failure response in plane strain. β and ψ are 
however required to match with Mohr-Coulomb material parameters as β and ψ are 
functions of effective frictional angle (θ’) and effective cohesion (c’). Eqs 7.4 – 7.5 were 
used to evaluate β and ψ from the Mohr-Coulomb material parameters, which are 
normally measured from monotonic triaxial tests. θ’ and c’ were selected as 39.120 and 
0.37 kPa (Yuta, 2004). These monotonic triaxial tests were performed by using Toyoura 
sand with a similar void ratio to the MMRS tests.  sin θ =
tan β�3(9−(tan 𝜓)2)
9−tanβ tanψ
                                                                                                                Eq. (7.4)        
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c cos θ =
�3(9−(tanψ)2)d
9−tanβ tanψ
                                                                                                                  Eq. (7.5)  
Figure 7.4 illustrates σa-εa relationships of Toyoura sand with air-dried and water content 
of 9.6% under single point and moving wheel-loading conditions using the MMRS 
apparatus. As shown in Figure 7.4, Young’s modulus of soil does not depend on the 
loading conditions. However, it is a function of subgrade water conditions. With 
increasing water content, decreasing Young’s modulus results in higher deformation 
under any loading conditions. As discussed in Chapter 6, the moving wheel loading 
however produces higher deformation properties under any water content of subgrade. 
After referring to Figure 7.4, elastic modulus of air-dried subgrade was selected as 87 
MPa. This observation agrees with the Young’s modulus- (log) strain relationship of 
Toyoura sand obtained from a series of triaxial compression tests (Momoya, 2004). 
Poisson’s ratio was selected as 0.36 for air-dried soil subjected to single point loading 
conditions after a trial-and-error FE analysis series. This selected value agrees with the 
values proposed by Bowles (1996).  
Shear modulus relates to the change in shear stress to shear strain. Therefore, there is no 
change of Young’s modulus of soil with the loading conditions; shear modulus is 
dependent on the loading conditions. As shear modulus is a function of shear stress, shear 
modulus should increase under moving wheel-loading conditions. After another trial-and-
error analysis, Poisson’s ratio was found as 0.28 for air-dried soil subjected to moving 
wheel loading conditions. Generally, soil has a void ratio determined by its existing 
effective stresses. However, with changes in shear stress, soil has a tendency to change its 
void ratio (Terzaghi et al., 1996). Table 7.1 illustrates the material properties of air-dried 
Toyoura sand under different loading conditions. 
Table 7-1 Material properties of air-dried Toyoura sand under different loading 
conditions 
Test type Water content (%) Elastic modulus 
(MPa) 
Poisson’s ratio 
Single point load  Air-dried (0.05) 87 0.36 
Moving wheel 
load 
Air-dried (0.05) 87 0.28 
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Single point load  9.6 74.5 0.36 
Moving wheel 
load 
9.6 74.5 0.28 
 
 
 
Figure 7-4 σa-εa relationships of unsaturated Toyoura sand under different loading 
conditions 
7.2.3 Interfaces design  
There are two critical interfaces to assign in this FE model (Figure 7.1): sleeper-rail 
interface and wheel-rail sleeper interface. With the neglecting effects of pads, the sleeper-
rail interface was modelled using surface-to-surface constraint. Interaction behaviour of 
these two surfaces was defined in terms of “hard” contact and “normal” behaviours. With 
this type of constraint, proper meshing of both beam and sleeper is important to 
accurately transfer stresses into the underneath layers, which are generated on the rail.  
Under moving wheel loading conditions, wheel load first transfers into the rail and then it 
gradually transfers into the lower layer through sleepers with the location of the wheel. 
Following Jenkins et al. (1974), a constant stiffness Hertzian contact spring was 
introduced between the rail and wheel in this study to define wheel-rail interface.  A 
Hertzian contact spring constant was considered as 3 × 1010 N/m (L. A. Yang et al., 
2009).     
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7.2.4 Loading methods  
Considering small-scaled model test conditions, the effects of two loading methods - 
single point and moving wheel loading methods - were examined on the deformation 
characteristics of rail track subgrade in this study. As the triaxial compression test is the 
most common experimental method used to evaluate the deformation characteristics of 
subgrade, a single point loading test was selected. Both the deformation and load control 
method can be used to replicate triaxial compression loading test conditions. One of the 
key aims of this study was to compare the deformation characteristics with and without 
the effects of PSAR, and a load control method was adopted.  
To account for the effects of PSAR on the deformation characteristics, moving wheel 
load was introduced. In general, there are three methods to replicate moving wheel 
loading conditions in FE models: 1) moving mass, 2) moving load, and 3) moving 
oscillator, as discussed in Chapter 2 (Saleeb & Kumar, 2011). The performance of the 
moving oscillator in rail track studies is well documented (Kumar & Saleeb, 2008; Saleeb 
& Kumar, 2011; L. A. Yang et al., 2009; Y. Yang & Yau, 1997). This study therefore 
selected the moving oscillator in introducing moving wheel load. Considering small-
scaled model test conditions, the oscillator was designed with three key components: 
axel, half bogie, and quarter weight of bogie, as shown in Figure 2.16, and the influence 
of the suspension vertical viscous damping was neglected. After referring to L. A. Yang 
et al. (2009), suspension vertical stiffness was selected as 2.66*106 N/m. To account for 
the effects of train speed in FE models, the dynamic wheel load for each train speed was 
estimated using Eq. 7.1. 
7.2.5 Boundary conditions       
Defining the boundary conditions is one of the most important aspects in FE studies. In 
modelling problems with moving wheel load, transmitting boundaries or bigger 
dimensions of length and depth have to be used in eliminating boundary effects, 
especially in dynamic FE analyses. This study adopted the boundary conditions without 
using transmitting boundaries for the single point load test, considering the boundary 
conditions used in the model tests. As explained in Chapter 3, boundary conditions of 
each side surface of the FE model were fixed for the direction perpendicular to the plane 
and free for in-plane direction. Referring to Sadeghi (1997), subgrade depth was selected 
as 0.7 m, which is equal to 3.5 m in prototype to eliminate boundary error under moving 
wheel loading conditions. Using axle load of 95.5 kN extracted by a Victorian railways 
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mainline diesel electric locomotive, Sadeghi (1997) showed subgrade depth of 3.5 m is 
more than sufficient to eliminate the boundary error without using transmitting 
boundaries. This observation was further validated by several researchers (Gräbe, 2002; 
Nicks, 2009; Priest & Powrie, 2009; Priest et al., 2010; Yang et al., 2009). For the bottom 
boundary, pinned horizontal spring elements were used in linear elastic FE models to 
eliminate the effects of rubber membrane sheets used in the small-scaled model tests. 
After introducing horizontal spring elements into the bottom boundary as explained in 
Chapter 3, there was a good agreement between experimental results measured at the 
bottom of subgrade with nine two-component load cells and an FE model as shown in 
Figure 3.13. A closer look into the strength and deformation properties at the top of the 
subgrade suggests that horizontal spring elements are unable to provide significant 
influence. Considering this fact and the higher computing time in non-linear analyses, 
horizontal spring elements were removed after validating the linear FE models and only 
pinned boundary condition was used in the bottom boundary.  
However, boundary conditions adopted for single point load tests are unsuitable to use 
with moving wheel loading conditions. Since the stress state induced by the wheel 
changes its position with time, when the wheel moves, the energy (stress) can bounce 
back into the model with fixed boundary conditions. To eliminate this problem, an 
infinite boundary was introduced to the LHS and RHS boundaries as shown in Figure 7.6 
(b). Figure 7.5 illustrates the settlements of the track under sleeper No. 8 with moving 
wheel load of 1.5 kN with a speed of 600 mm/min from the small-scaled model test and 
FEM analysis. According to Figure 7.5, the present FE simulation agrees with the 
deformation characteristics measured from the small-scaled model tests. In the small-
scaled model test, the recovery process of displacement during unloading was lower than 
during loading as a result of the non-elastic properties of rail track materials. In the FEM 
analysis, stiffness was, however, kept as a constant value during both loading and 
unloading. This result is similar to the unloading at both stages, as given in Figure 7.5. A 
smaller plastic deformation appears at sleeper No. 8, after a full loading cyclic in the 
small-scaled model test. This irreversible deformation is unable to be replicated in linear 
elastic FEM analysis. Considering these facts, it can be concluded that the infinite 
boundary conditions are suitable in moving wheel problems.         
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Figure 7-5 Settlement of track from a small-scale model test and FEM analysis 
7.3 VALIDATION OF FE TECHNIQUES 
As ABAQUS FE software is a general-purpose finite element software, the selected FE 
techniques have to be appropriately validated. For the validation of these FE techniques, 
experimental results are the ideal under any circumstance. Both small-scaled model and 
MMRS experimental test results were used in validations of static linear and non-linear 
models. Figure 7.6 illustrates the developed FE models after adopting FE techniques for 
this study. For further minimisation of boundary effects, strength and deformation 
characteristics at/under sleeper No. 8 were only considered in this study. Table 3.4 
summarises the material properties of track elements adopted for both linear and 
nonlinear analysis. Section 7.2 further explains the selection of subgrade properties for 
both of these analyses from the results of the MMRS tests. After defining the elastic 
properties of subgrade materials, stress-plastic strain relationships were defined, referring 
to Figure 7.4 for elastic plastic analyses by using Eq. 7.6.  
𝜀𝑡𝑡𝑡𝑎𝑡 = 𝜀𝑒𝑡𝑎𝑠𝑡𝑒𝑐 + 𝜀𝑝𝑡𝑎𝑠𝑡𝑒𝑐                                                                                                Eq. 7.6 
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Figure 7-6 Schematic diagram of FE model (a) SPL, (b) MWL 
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7.3.1 Linear elastic models 
As the first validation step of the developed numerical models, linear elastic material 
response was performed under a constant vertical load of 1.5 kN. To represent the 
moving wheel load, the location of the load was changed. Considering the experimental 
conditions of the small-scaled model tests, this vertical load was selected. This load is 
equal to axle load of 37.5 kN in the prototype rail track. Figure 3.13 shows the 
comparison of axial and shear stress relationships at the bottom of subgrade (Point B) 
between small-scaled model tests and FE analysis. Since there is a good agreement 
between these two stress states, it can be concluded that the properties of parameters used 
in linear elastic model are appropriate to estimate the stress state of the subgrade. 
Comparison of settlements at sleeper No. 8 between measured and simulated as shown in 
Figure 7.5 was well agreed. Therefore, it can be concluded that developed linear-elastic 
models can simulate both stress state and elastic deformation characteristics of the model 
test.  
 
7.3.2 Elastic-plastic model  
Due to limitations of linear elastic FE models as shown in Figure 7.6, nonlinear material 
properties were introduced for subgrade material, after validation of linear elastic FM 
models. As explained in section 7.2.3, elastic and Drucker-Prager material properties 
were introduced. For validation and calibration of these elastic-plastic models, the 
MMRS experimental results of unsaturated Toyoura sand were only used since 
deformation characteristics of ballast and asphalt layers in the small-scaled model tests 
are unavailable. Also, key to the focus of this study is to check the applicability of the 
MMRS experimental results to replicate the plastic deformation of subgrade with the 
model test conditions.  
The time domain for this analysis was selected to match the wheel speed of 600 mm/min, 
similar to moving wheel load. Validation of FEM with single point loading conditions 
was carried out using air-dried Toyoura sand and these FE models were further calibrated 
through Toyoura sand with subgrade water content of 9.6%. To obtain these axial strain – 
wheel location relationships of unsaturated Toyoura sand, only load was controlled with 
time since the deformation control method is unable to be used with moving wheel 
loading in the FEM analysis. Figures 7.7 and 7.8 illustrate axial strain-time relationships 
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of Toyoura sand with air-dried and water content of 9.6%, respectively from MMRS 
experiments and FEM analysis under single point loading conditions. As shown in 
Figures 7.7 and 7.8, these FE models are suitable to investigate the deformation 
characteristics of rail track subgrade under the single point loading conditions. 
 
 
Figure 7-7 Axial strain – wheel location relationships of air-dried Toyoura sand under 
single point loading conditions from MMRS test and FEM analysis 
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Figure 7-8 Axial strain – wheel location relationships of Toyoura sand with water content 
of 9.6% under single point loading conditions from MMRS test and FEM analysis 
Figures 7.9 and 7.10 illustrate axial strain – wheel location relationships of Toyoura sand 
with air-dried and water content of 9.6% from MMRS experiments and FEM analysis 
under moving wheel loading conditions, respectively. A comparison between axial strain 
from MMRS test and FEM suggests that developed FE models with moving wheel 
loading conditions, can be used to estimate the deformation characteristics of unsaturated 
soil. Simplifications adopted for axial and shear stresses variations in MMRS tests, as 
discussed in Figures 3.10 and 3.11, can be the possible reason behind the deviation of 
plastic axial strains obtained from FEM analysis, compared to the MMRS test. Previous 
researchers, however, showed a similar behaviour of axial strain – wheel location 
relationships of subgrade materials under moving wheel loading conditions (Gräbe, 2002; 
Priest et al., 2010; Sadeghi, 1997; L. A. Yang et al., 2009). As these variations are in 
acceptable levels, these elastic-plastic models developed from the MMRS experimental 
results are suitable to investigate the effects of different design factors on the deformation 
characteristics of rail track subgrade under moving wheel loading conditions. 
 
 
 
Figure 7-9 Axial strain – wheel location relationships of air-dried Toyoura sand under 
moving wheel loading conditions from MMRS test and FEM analysis 
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Figure 7-10 Axial strain – wheel location relationships of Toyoura sand with water 
content of 9.6% under moving wheel loading conditions from MMRS test and FEM 
analysis 
7.4 PARAMETRIC ANALYSIS USING THE VALIDATED FE MODEL 
The applicability of these validated FE models was investigate using a parametric 
analysis. Since the finite element analysis was aimed at fundamentals rather than 
quantitative results, only three design factors: axle load, train speed, and loading method 
were investigated in this FE analysis. Table 2.3 summarises the significant of these 
design factors on the rail track design process. The distribution of stresses in subgrade of 
a rail track, parallel to the rail was first investigated under MWL and SPL. Secondary, 
plastic strains induced as results of these changes of stresses in subgrade were 
investigated.     
7.4.1 Effects of train speed on stress state of rail track subgrade 
As illustrated in Table 2.3, train speed is one of the key design parameters used in the rail 
industry to design rail tracks. Referring to the available literature and the Australian rail 
industry, four train travelling speeds of 50, 100, 150, 200 km/hr were selected. Train 
speed of 50 km/hr represents speed of the heavy haul freight trains, while others are 
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passenger trains (Engineering (Track & Civil) Code of Practice, 2011; Gräbe, 2002). 
Elastic modulus and void ratio of soil were selected as 80 MPa and 0.36, respectively, for 
SPL models (Esveld, 2001; Li et al., 2015). Similar elastic modulus with a void ratio of 
0.28 was selected by followings Table 7.1 to simulate MWL conditions.   
Figure 7.11 illustrates the principal stress difference (q) at surface of subgrade (Point A) 
for speed ranging from 50 km/hr to 200 km/hr under SPL with an axle load of 15tonnes. 
To make the comparison possible, the time scaled was normalised for all figures. q varies 
between 58 kPa and 90 kPa and it increases with increasing train speed. Gräbe (2002) 
showed an opposite behaviour of q with increase of the train speed by using a vertical 
axle load of 13tonnes. The absence of the dynamic amplification factor (DAF) in this 
analysis can produce such behaviour. Since DAF was used to replicate dynamic effects of 
high speed wheels in the current study, principal stress difference increases with 
increasing wheel speed. Considering these observations, it can be suggested that elastic-
plastic FE models developed by using the MMRS experimental results can produce a 
stress state similar to the field. As shown in Figure 7.11, the loading and unloading 
curves are not symmetrical. Lower gradient of unloading curve compared the loading 
curve indicates accumulation of plastid strain within the unloading period.       
Figure 7.12 shows the principal stress difference at point A for train speed variation from 
50 km/hr to 200 km/hr under MWL with an axle load of 15 tonnes. Under MWL, q 
increases between 65 kPa and 80 kPa with increasing wheel speed. This behaviour of 
principal stress difference agreed with stress states under SPL. However, these principal 
stress differences were lower than SPL test as shown in Figure 7.12. This indicates that 
subgrade materials, which undergo higher plastic strain under MWL is independent from 
principal stress difference and change of principal stress axis may be a possible reason. 
Also, both loading and unloading curves are not equal under MWL as shown in Figure 
7.12. The difference between initial and final stresses of the curve suggests the higher 
accumulation of plastic strain under MWL compared to the SPL.   
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Figure 7-11 Principal stress different in subgrade due to different train speed under SPL 
   
 
 
Figure 7-12 Principal stress different in subgrade due to different train speed under MWL 
7.4.2 Effects of axel load on stress state of rail track subgrade 
Typical passenger trains have a maximum axle load of 15 – 20 tonnes and heavy haul 
freight trains a maximum axle load of 24 -36 tonnes. Maximum axle load of an empty 
typical passenger train is 10 tonnes (Engineering (Track & Civil) Code of Practice, 2011; 
Esveld, 2001; Gräbe, 2002; Gräbe & Clayton, 2009, 2014; Sadeghi, 1997). The effects of 
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axle load on the deformation characteristics of subgrade were only investigated for 
subgrade with density of 1.4 g/cm3 under a train speed of 50 km/hr.  
 
Figure 7-13 Principal stress different in subgrade due to different axle load under SPL 
 
Figures 7.13 and 7.14 illustrate the change of principal stress difference with different 
axle loads under SPL and MWL, respectively. Train speed for this comparison was 
selected as 50 km/hr. q increases linearly with increasing axle load. q increases between 
60 kPa and 120 kPa under SPL loading conditions, while it changes from 45 kPa to 90 
kPa under MWL. Gräbe (2002) also showed the similar behaviour between axle load and 
q. Therefore, it can be considered that these developed FE model using the MMRS test 
results are able to replicate the effects of axle load. 
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Figure 7-14 Principal stress different in subgrade due to different axle load under SPL 
 
7.4.3 Effects of axle load and train speed on plastic deformation of subgrade  
 
These developed FE models by using the MMRS test results can approximately replicate 
actual principal stress difference in rail track subgrade as explained in Section 7.41 -7.4.2. 
Therefore, these FE models were used to investigate the effects of train speed and wheel 
load on plastic deformation under both SPL and MWL.  
Figure 7.15 illustrates comparison of plastic deformations at Point A obtained from 
MWL and SPL test conditions at axle loads (wheel load) of 10, 15, 19, and 24 tonnes 
with constant train speed of 50 km/hr for a one loading cycle. The plastic strain increases 
with increasing axle load irrespective to the loading method. The axle load of 10 tonnes 
does not make significant plastic strain after one loading cycle as shown in Figure 7.15. 
There is a linear relationship between the plastic strain of soil and axle load under MWL, 
while SPL causes non-linear relationship with these two factors. However, SPL 
underestimated the plastic strain for one loading cycle compared to MWL irrespective to 
the axel load as shown in Figure 7.15. This indicates that developed FE models by 
referring the MMRS test results can produce the actual deformation characteristics of 
subgrade with the effects of the PSAR.  
Figure 7.16 shows the plastic axial strain – train speed relationships of subgrade 
subjected to an axle load of 15tonnes under MWL and SPLs. Plastic strain after one 
 PERFORMANCE EVALUATION OF UNSATURATED RAIL TRACK FOUNDATIONS UNDER CYCLIC MOVING WHEEL LOAD 145
loading cycle increases gradually with increasing train speed regardless to loading 
condition. Subgrade with a train speed of 50 km/hr causes minimum plastic axial strain. 
As illustrated in Figure 7.16, MWL causes higher plastic axial strain compared to SPL 
irrespective to train speed. These observations further highlight the effects of the PSAR 
on the plastic deformation of soil and requirements of proper estimation methodologies to 
account the PSAR induce plastic deformation of subgrade. 
Considering all these factors, performance of the developed models can be highlighted as;  
• Stress-strain characteristics computed from Linear-elastic FE models are well 
agreed with measured values from the model tests. 
• A good agreement of stress-strain characteristics measured with the MMRS tests 
and elastic-plastic FE models was validated the performance of these FE models 
under both SPLs and MWLs. 
• The behaviour of stress states obtained from the real traffic conditions (in 
literature) were well agreed with FE results. Therefore, FE models validated from 
the MMRS experimental results are suitable to investigate the response of 
subgrade under moving wheel loading conditions. 
     
Figure 7-15 Plastic axial strain – wheel load relationships of soil under different loading 
methods 
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Figure 7-16 Plastic axial strain – train speed relationships of soil under different loading 
methods 
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Chapter 8: Cyclic plastic deformation 
behaviour of fine-grained 
materials 
8.1 GENERAL 
In rail track design, cumulative plastic deformation is one of key factors in assessing 
track deterioration process. The plastic deformation with one loading cycle is a fraction 
of the total deformation of subgrade and with higher numbers of repeated loading cycles, 
the cumulative plastic deformation becomes significant. Under repeated loading cycles, 
subgrade materials can experience two types of deformations: cumulative plastic 
(irrecoverable), and resilient (recoverable). This chapter therefore examines the behaviour 
of plastic and resilient deformations of subgrade materials with or without the effects of 
PSAR using different loading frequencies, soil densities, and degree of saturation (soil 
water content). Finally, this chapter discusses the prediction equations to estimate 
cumulative plastic deformation using these three factors.  
8.2 EFFECTS OF LOADING FREQUENCY AND LOADING TYPE ON 
CYCLIC PLASTIC DEFORMATION 
To investigate effects of loading frequency and type on cumulative plastic deformation of 
air-dried Toyoura sand samples with a constant dry density of 1.56 g/cm3, a series of 
MMRS cyclic tests was performed under moving wheel and single point loading 
conditions. Axial and shear stress amplitudes were equal to 80.12 kPa and 13.12 kPa in 
moving wheel loads (MWL), while zero shear stress with axial stress amplitude of 80.12 
were maintained in single point loads (SPL). Selected loading frequencies: 0.0059 Hz and 
0.0167 Hz represent two-wheel speeds in the model test as 600 mm/min and 1700 
mm/min.  
Figures 8.1 - 8.2 show axial stress – axial strain relationships for an air-dried Toyoura 
sand specimen under SPL and MWL loading conditions, with the loading frequencies of 
0.0059 Hz and 0.0167 Hz, respectively. Each hysteresis loop shown in these figures 
contains both loading and unloading curve. Within the first loading cycles, the area of 
hysteresis increases irrespective of loading method. This means that plastic deformation 
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within the first loading cycles is significant under any loading condition. With an 
increasing number of loading cycles, the area of hysteresis decreases and then becomes 
constant. This reduction introduces elastic properties into the specimen, as shown in 
Figures 8.1 - 8.2. The area of hysteresis loop of soil with lower frequency is greater than 
higher frequency irrespective of the loading method. This indicates that lower frequency 
can produce higher plastic deformation, and eventually higher resilient properties as well 
under any cyclic loading conditions. Normally, both inelastic behaviour of soil skeleton 
and viscous interaction between soil skeleton and water (water menisci) can control the 
cumulative plastic deformation of soil. Since there are no water menisci effects in air-
dried soil, these results suggest that inelastic behaviour of the soil skeleton dominates the 
cumulative plastic deformation at low frequencies. Furthermore, there is a higher area of 
the hysteresis of soil under cyclic MWL than cyclic SPL irrespective of loading 
frequency, as shown in Figures 8.1 and 8.2. This indicates that the effects of the PSAR 
(MWL) can produce higher cumulative plastic deformation than cyclic SPL. 
Strain amplitude is an important indicator of the resilient properties. Increasing loading 
frequency causes reduction of the strain amplitude irrespective of loading cycle number 
and method, as shown in Figure 8.1 – 8.2.  After increasing the loading frequency from 
0.0059 Hz to 0.0167 Hz, the strain amplitudes decrease by 60% and 49% at 100 loading 
cycle under cyclic SPL and MWL, respectively. These observations show that higher 
loading frequency can introduce greater resilient properties compared to lower frequency 
and SPL tests enhance the resilient properties under higher loading frequency than in the 
MWL test.  
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Figure 8-1 Effects of loading frequency on axial stress – axial strain relationships of air-
dried soil under cyclic SPL tests: (a) 0.0167 Hz, (b) 0.0059 Hz 
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Figure 8-2 Effects of loading frequency on axial stress – axial strain relationships of air-
dried soil under cyclic MWL tests: (a) 0.0167 Hz, (b) 0.0059 Hz 
Figures 8.3 depicts cumulative plastic variations with number of loading cycles and 
loading frequency for Toyoura sand with a dry density of 1.56 g/cm3 under SPL and 
MWL. The cumulative plastic deformation increases with increasing number of loading 
cycles irrespective of loading method and frequency. As shown in Figure 8.3, lower 
loading frequency causes higher cumulative plastic strain at any given number of loading 
cycles under any loading conditions. With higher frequencies, providing a shorter time 
period for particle movement/rearrangement is a possible reason behind this lower plastic 
strain compared to lower loading frequency. Increasing loading frequency from 0.0059 
Hz to 0.0167 Hz, the cumulative plastic strains reduce by 34% and 45% under SPL and 
MWL test conditions, respectively at 100 loading cycles. This indicates that the 
cumulative plastic deformation of soil is vulnerable on lower loading frequency under the 
effects of the PSAR than under SPL conditions. Summarising these facts, it can be 
concluded that the loading frequency can significantly influence both cumulative plastic 
deformation and resilient properties of soil under any loading condition. The effects of 
PSAR can reduce the resilient properties with an increase of cumulative plastic 
deformation under any loading frequency compared to SPL test conditions.   
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Figure 8-3 Effects of loading frequency and loading method on cumulative plastic strain 
of air-dried Toyoura sand 
8.3 EFFECTS OF SUBGRADE AND LOADING TYPE ON CYCLIC PLASTIC 
DEFORMATION 
To evaluate the effects of subgrade density on cumulative plastic deformation of air-dried 
Toyoura sand with densities of 1.56 g/cm3, 1.58 g/cm3, and 1.6 g/cm3, a series of MMRS 
cyclic tests were performed on the specimens with these dry densities, under SPL and 
MWL conditions with a constant frequency of 0.0059 Hz. Figures 8.4 -8.6 are based on 
the results of this experiment series.  
Figures 8.4 and 8.5 illustrate axial stress – axial strain relationships of air-dried Toyoura 
sand with dry densities of 1.58 g/cm3 and 1.6 g/cm3 under SPL and MWL, respectively. 
Similar to Figures 8.1 and 8.2, the area of hysteresis loop increases during the first 
loading cycles, then it reduces with the number of loading cycles and becomes constant, 
irrespective to soil density and loading type. However, the area of the hysteresis loops 
decreases with increasing subgrade under any loading conditions, as shown in Figures 8.4 
and 8.5. This is an indication that higher subgrade density causes lower plastic strain with 
any cyclic loading method.  
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Increasing soil densities up to 1.58 g/cm3 and 1.6 g/cm3, the strain amplitude 
approximately reduces by 83% and 79%, respectively, compared to soil with density of 
1.56 g/cm3 under SPL. Furthermore, with similar increase of soil density, the strain 
amplitude decreases by 45% and 46% under MWL. Reduction of void ratio with 
increasing subgrade density restricts the compression of soil under cyclic loadings. These 
results suggest that after reaching a certain soil density/void ratio, further increase of soil 
density does not significantly impact on the resilient properties irrespective to the cyclic 
loading conditions, since soil is unable to further compress with the provided stress state. 
Furthermore, this reduction of the strain amplitude causes higher resilient modulus in soil 
with higher densities, compared to lower soil densities under any loading condition. Li 
and Selig (1994) showed the similar behaviour on AASHTO subgrade soil under the 
repeated load triaxial tests with constant confined stress and deviator stress. Also, the 
lower decrease of strain amplitude under MWL shows that the effects of the PSAR can 
reduce the resilient properties of soil more effectively than cyclic SPL test conditions. 
Gräbe and Clayton (2014) observed such similar behaviour in reproduced soil types, 
examined with a hollow cylindrical apparatus under fully saturated and undrained 
conditions.       
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Figure 8-4 Effects of soil density on axial stress – axial strain relationships of air-dried 
soil under cyclic SPL tests: (a) 1.58 g/cm3, (b) 1.6 g/cm3 
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Figure 8-5 Effects of soil density on axial stress – axial strain relationships of air-dried 
soil under cyclic MWL tests: (a) 1.58 g/cm3, (b) 1.6 g/cm3 
Figure 8.6 illustrates cumulative plastic deformation with number of loading cycles for 
air-dried Toyoura sand specimens with densities of 1.56 g/cm3, 1.58 g/cm3, and 1.6 
g/cm3 under SPL and MWL tests. The cumulative plastic deformation increases with 
number of loading cycles, irrespective of soil density and loading method. Further, 
highest soil density has the minimum cumulative plastic strain under any loading 
condition or number of loading cycles. Increasing subgrade density from 1.56 g/cm3 to 
1.58 g/cm3 and 1.6 g/cm3, the cumulative plastic strains approximately reduce by 61% 
and 73%, respectively at 100 loading cycle under SPL tests. With similar changes of soil 
density, cumulative plastic deformation decreases under MWL at 100 loading cycle by 
39% and 41%, respectively, as shown in Figure 8.6. This indicates that the cumulative 
plastic strain of soil depends on loading method and soil density and SPL can reduce the 
plastic strain significantly compared to MWL. Since all samples were prepared with a 
constant water content (w = 0.05%), a higher compactive effort is required to obtained 
greater densities. Increasing subgrade density reduces the void ratio of soil and due to 
higher compactive effort, soil with higher density has a greater degree of saturation 
compared to lower density soil. These may be possible reasons behind this reduction of 
the cumulative plastic deformation, regardless of loading method and number of loading 
cycles.     
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As shown in Figure 8.6, MWLs can produce higher plastic deformation of air-dried soils 
than SPLs irrespective of soil density. The cumulative plastic strain of soil with densities 
1.56 g/cm3, 1.58 g/cm3, and 1.6 g/cm3 approximately increases by 53%, 138%, and 
270%, respectively under MWLs at 100 loading cycle compared to SPLs. In MWLs, the 
changes of shear stresses that can cause significant soil particle movement/rearrangement 
may be a possible reason behind this higher cumulative plastic deformation. Since there 
are no water menisci effects in air-dried soil, inelastic behaviour of the soil skeleton also 
depends on the cyclic loading condition and soil density as shown in Figure 8.6. These 
results highlight that higher soil density or relative compaction is a sustainable option for 
reducing the cumulative plastic deformation of rail track subgrade. However, predictions 
obtained from the cyclic SPL (cyclic triaxial compression) tests still underestimate the 
deformation characteristics of subgrade materials due to the absence of the PSAR effects.     
 
 
Figure 8-6 Effects of soil density and loading method on cumulative plastic strain of air-
dried Toyoura sand 
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8.4 EFFECTS OF SUBGRADE WATER CONTENT AND LOADING TYPE ON 
CYCLIC PLASTIC DEFORMATION 
Seasonal variation of the water table and infiltration from upper layers cause unsaturated 
soil behaviour in rail track subgrade throughout its design lifetime. To investigate the 
effects of water content of unsaturated soils, a series of experiments was carried out on 
unsaturated Toyoura sand specimens with water contents of 0.05%, 7.8%, 9.6%, and 14% 
under both SPL and MWL test conditions. All specimens prepared with a constant dry 
density of 1.46 g/cm3 were tested with axial and shear stress amplitudes of 65.3 kPa and 
18.1 kPa, respectively, to replicate MWLs. SPLs were simulated by using axial stress 
amplitude of 65.3 kPa with zero shear stress. All these test specimens were loaded with a 
frequency of 0.0059 Hz under consolidated drained conditions to measure cumulative 
plastic deformation characteristics of unsaturated soils.  
Figure 8.7 illustrates axial stress – axial strain relationships of unsaturated Toyoura sand 
specimens under cyclic SPLs. Greater area of hysteresis within first loading cycles, 
irrespective of water content, is an indication of higher cumulative plastic deformation. 
However, with an increasing number of loading cycles, these areas decrease by 
introducing elastic properties and then become constant as shown in Figure 8.7. Further, 
this diminishing rate of the cumulative plastic deformation depends on the soil water 
content. Normally, different compaction efforts have to be used for changing the water 
content of soil with a constant dry density. Therefore, the water void ratio of these soils 
increases with the accumulation of water content with a constant void ratio. This leads to 
the introduction of a higher degree of saturation to the specimens with higher water 
content. As discussed in section 8.3, reduction of air void ratio increases the diminishing 
rate of plastic strain under SPLs. However, increasing water percentage of air-dried 
specimens does not reduce this rate as shown in Figure 8.7. This indicates that water 
menisci effects critically impact the plastic deformation characteristics of unsaturated 
specimens more than the inelastic behaviour of soil skeletons under SPL test conditions.     
The strain amplitude is also a function of soil water content as shown in Figure 8.7. With 
increasing water content of air-dried specimens from 7.8% to 14%, the strain amplitude 
nearly increases by 134%, 58%, and 8%, respectively compared to the air-dried 
specimen. This indicates that strain amplitude continuously increases with increasing 
water content with different proportions. Soil with a water content of 7.8% has maximum 
resilient properties compared to others under SPLs. This observation agrees with the axial 
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stress – strain behaviour of soil with a water content of 7.8%, where significantly higher 
area of hysteresis appears within pre-loading and first loading cycles compared to other 
soil types. This means that this soil has higher tendency to compress under cyclic SPLs. 
This behaviour ultimately introduces higher resilient behaviour into the specimen as 
explained. Therefore, within these selected water contents, water content of 7.8% causes 
optimum (minimum) combined effects of the inelastic behaviour and the water menisci 
effects on the plastic deformation and resilient properties.          
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Figure 8-7 Effects of water content on axial stress – axial strain relationships of 
unsaturated soil under cyclic SPL tests: (a) air-dried, (b) 7.8%, (c) 9.6%, (d) 14% 
The cumulative plastic deformation can be influenced by several factors such as loading, 
soil, and environmental factors as explained in Chapter 2. Sections 8.2 – 8.3 evaluate the 
effects of loading frequency and subgrade density using air-dried subgrade materials 
under different cyclic loading methods. As it is an extremely rare situation to have air-
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dried materials in a rail track subgrade, this section discusses the influence of degree of 
saturation/subgrade water content on the cumulative plastic deformation under different 
loading methods. Figure 8.8 illustrates the effects of soil water content and number of 
loading cycles on the cumulative plastic deformation under SPLs. Irrespective of water 
content, the cumulative plastic strain increases with increasing number of loading cycles. 
The cumulative plastic strains of soil with water contents of 7.8%, 9.6%, and 14% 
increase by 148%, 45%, and 51% compared to air-dried soil at 200 loading cycle. This 
indicates that the presence of water in soil reduces the resistance to compress under cyclic 
SPLs, due to enhancement of inter-particle bonding. However, the magnitude of the 
influence changes, as shown in Figure 8.8. The process of the increase in water content 
subsequently decreases frictional force between soil skeletons. This process can lead to a 
higher cumulative plastic deformation than air-dried specimens. However, as elucidated, 
as a result of adding water content to the air-dried material, in ascending order, air void 
ration decreases for the specimens with a constant dry density. Therefore, there is a 
certain soil water content, which causes the maximum cumulative plastic deformation. 
After this point, the cumulative plastic deformation gradually reduces due to lower air 
void ratio and higher water menisci effects. Once this maximum plastic deformation 
occurs, further addition of the water content into the specimen can significantly reduce 
the frictional force among soil particles. This leads to an increase in the cumulative 
plastic deformation again by causing the local minimum. As shown in Figure 8.8, 
irrespective to number of loading cycles, air-dried soil has the minimum cumulative 
plastic deformation, while the maximum and local minimum cumulative plastic strains 
occur in soils with water contents of 7.8% and 9.6%, respectively under cyclic SPL test 
conditions. Therefore, the combined effects of water menisci and reduction of the air void 
ratio and the frictional force between soil particles may be a possible reason for this 
variation of the magnitude of cumulative plastic deformations of unsaturated soil 
corresponding to air-dried soil.  
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Figure 8-8 Effects of soil water content on cumulative plastic strain of unsaturated soil 
under SPLs 
Figure 8.9 shows axial stress – axial strain relationships of unsaturated Toyoura sand 
specimens under cyclic MWLs. Similar to Figure 8.7, a higher area of hysteresis appears 
within the first loading cycles and then it reduces and becomes constant with an 
increasing number of loading cycles. However, MWL causes a higher area of the 
hysteresis in any give loading cycle compared to SPL, irrespective of soil water content. 
This indicates that MWL can produce higher cumulative plastic deformation than SPLs. 
The lower diminishing rate of the cumulative plastic deformation with higher number of 
loading cycles than SPLs means that MWL can cause higher cumulative plastic 
deformation and resilient properties compared to SPL at any loading cycle number. As 
shown in Figure 8.9, the strain amplitude of unsaturated soil is a function of soil water 
content and loading method. By adding water content into air-dried specimens in 
ascending order, the strain amplitude changes with different magnitudes compared to air-
dried specimen. Soil with water content of 7.8% has maximum strain amplitude, while a 
minimum occurs in soil with water content of 9.6%.         
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Figure 8-9 Effects of water content on axial stress – axial strain relationships of 
unsaturated soil under cyclic MWL tests: (a) air-dried, (b) 7.8%, (c) 9.6%, (d) 14% 
Figure 8.10 illustrates the effects of soil water content and number of loading cycles on 
the cumulative plastic deformation of unsaturated Toyoura sand specimens under MWL 
conditions. As illustrated, cumulative plastic strain increases with increasing number of 
loading cycles irrespective of soil water content. However, cumulative plastic strain on a 
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given loading cycle has a non-linear relationship with soil water content. Similar to SPL 
tests, the maximum and the local minimum plastic strains occur in soil with water 
contents of 7.8% and 9.6%, respectively. These observations suggest that soil water 
content changes interface properties between soil particles under any cyclic loading 
condition. However, the soil water content, which causes lowest cumulative plastic 
deformation, was shifted to 9.6% under MWLs. As explained, the effects of water 
menisci are a key reason behind the local minimum of soil with water content of 9.6%. 
This means that the presence of the PSAR significantly effects the water menisci and the 
changes of the shear stress in MWL test conditions enhance the viscous bond between 
soil particles compared to SPL test conditions. Under MWLs, the cumulative plastic 
strain of soils with water contents of air-dried, 7.8%, 9.6%, and 14% approximately 
increases by 184%, 32%, 16%, and 43%, respectively, compared to SPLs at 200 loading 
cycle. The lowest reduction of the cumulative plastic strain of soil with water content of 
9.6% agrees with the above suggestion of water menisci behaviour with MWL test 
conditions. Summarising all these facts, it can be concluded that both the plastic 
deformation characteristics and the resilient properties of unsaturated soils are functions 
of loading method, subgrade water content, and number of loading cycles. The presence 
of the PSAR causes increase of cumulative plastic deformation and reduction of the 
resilient properties irrespective to water content and number of loading cycles. Combined 
effects of air void ratio reduction and changes of the frictional force between soil particle 
and the water menisci effects control the maximum, minimum, and local minimum 
cumulative plastic deformation of unsaturated soil at any loading cycle and loading 
condition. Viscous bond or water menisci effects on the cumulative plastic deformation 
of unsaturated soil become significant with the presence of the PSAR by reducing the 
cumulative plastic deformation. Considering all these observations, it can be finally 
concluded that the MWL is the most suitable experimental method for investigating the 
deformation characteristics of unsaturated subgrade soil under real traffic conditions.                
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Figure 8-10 Effects of soil water content on cumulative plastic strain of unsaturated soil 
under MWLs 
8.5 PREDICTION OF CYCLIC PLASTIC DEFORMATION 
Performing experimental methods to estimate the cumulative plastic deformation of rail 
track subgrade materials is a costly and time-consuming approach. The presence of 
empirical methods to estimate the cumulative plastic deformation under real traffic 
conditions is therefore important. To develop the empirical relationships to predict the 
cumulative plastic deformation of subgrade materials under both cyclic moving wheel 
loading and cyclic single point loading conditions, results of the experiment series 
performed in sections 9.2 – 9.4 for air-dried and unsaturated Toyoura sand specimens 
were used.     
To quantitatively evaluate the cumulative plastic deformation – number of loading cycles 
relationships are approximated, using Eq. 8.1. α and β described in this equation are 
considered as constants related to the initial settlement and the rate of progressive 
settlement after the convergence of the initial settlement, respectively. Ishikawa and 
Miura (2015) obtained this equation to evaluate the cumulative maximum deformation of 
granular materials, referring the subgrade rutting failure criteria explained in a Japanese 
pavement design manual to study the mechanical behaviour of the submerged granular 
roadbeds. This study therefore adopted this equation to predict the cumulative plastic 
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deformation of rail track subgrade and α and β were calculated by using the Levenberg-
Marquardt method. 
𝜀𝑎𝑝 = αNcβ                                                                                                                                Eq. 8.1 
Figure 8.11 illustrates the variations of the cumulative plastic strains of subgrade, with 
density of 1.6 g/cm3 under loading frequency of 0.0059 Hz, which are measured from 
MMRS tests and calculated using Eq. 8.1 with and without the effects of PSAR. As there 
is a better agreement between measured and approximated values under any loading 
condition, Eq. 8.1 is suitable to approximate the cumulative plastic strain of rail track 
subgrade, if α and β are known. Figure 8.12 shows the comparison of the cumulative 
plastic strain between the experimental values and predicted values at 100 loading cycle. 
There are good agreements between these measured and predicted cumulative plastic 
strain values with different loading frequencies, subgrade densities, and loading methods, 
so that these α and β can be used to quantify the cumulative plastic strain values, effects 
of PSAR on the cumulative plastic deformation, and the resilient properties of subgrade 
materials. 
 
 
Figure 8-11 Comparison of plastic strain between measured and predicted with loading 
cycle number 
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Figure 8-12 Comparison of plastic strain between measured and predicted after 100 
loading cycles: (a) subgrade density, (b) loading frequency 
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Figure 8.13 summarises variation of α and β under different loading frequencies, soil 
densities, degree of saturation, and loading methods. According to Figure 8.12, the 
following tends can be summarised;  
• Both α and β for Toyoura sand under cyclic moving wheel loads are larger than 
cyclic single point loads irrespective to the subgrade density, loading frequency 
and degree of saturation.  
• α and β for Toyoura sand with constant water content and loading frequency 
decrease with increasing soil density. These variations can be represented by 
using an exponential curve as 𝛼,𝛽 = 𝐴 ∗ 𝑒𝑒𝑒𝐵𝐵, where A and B are sample 
constants.  
• α and β for Toyoura sand with constant water content and subgrade density under 
lower loading frequency is larger than those under higher loading frequency 
regardless of the loading conditions. These variations follow a linear expression 
as ,𝛽 = 𝐶
𝑓
 , where C is a sample constant.    
• α for Toyoura sand with constant density and loading frequency has a non-linear 
relationship with soil water content. This behaviour can be replicated by using a 
polynomial curve as 𝛼 = 𝐷 (𝑂𝑂𝐶𝜀𝑎𝑎 − 𝑤)𝐸 + 𝐽, where D and E are sample 
constants, J is load dependent factor, and 𝑂𝑂𝐶𝜀𝑎𝑎  is optimum water content 
corresponding to local minimum plastic strain. 
• However, β for Toyoura sand with constant density and loading frequency 
decreases with increasing soil water content. These variations can be represented 
by using an exponential curve as 𝛽 = 𝐴′ ∗ 𝑒𝑒𝑒𝐵′𝑤, where A’ and B’ are sample 
constants.  
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Figure 8-13 Variations of initial plastic strain and rate of progressive settlement under effects of soil density, loading frequency and water 
content 
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Influence of soil density, loading frequency, and soil water content on α and β were 
estimated using findings of Figure 8.13. Four relationships were developed to 
estimate α and β by using these three factors. Brown et al. (2008) showed that plastic 
deformation of soil is a function of applied axial and shear stresses. Since the effects 
of applied axial and shear stresses on the cumulative plastic deformation are not 
investigated, a constant (J) was introduced to represent its influence in these 
developed equations.  
Initial plastic strain of soil under both cyclic SPLs and MWLs can be expressed with 
function of soil density, water content and loading frequency as given in Eq. 8.2. 
Table 8.1 summarises the typical range of each constant defined in Eq. 8.2. Figure 
8.14 (a) and (b) illustrate the predicted values of 𝛼𝑀𝑀𝑀  from Eq. 8.2 for soil density 
and water content, respectively. There are good agreements between measured and 
predicted values. However, in the measured initial plastic strain – water content 
relationship, the curvatures of either side of the local minimum are not symmetrical. 
This may be a possible reason behind underestimation of plastic strain of soil with a 
water content of 7.8. To obtain further accurate prediction with soil water content, 
two gradients or curvature properties have to be used.     
𝛼𝑆𝑆𝑀,𝛼𝑀𝑀𝑀 = (𝐴𝑒𝑒𝑒𝐵𝐵) +  �𝐶𝑓 � + 𝐷 �𝑂𝑂𝐶𝜀𝑎𝑎 − 𝑤�𝐸 + 𝐽                                   Eq. 8.2  
 
 
Table 8-1 Typical values of material constants of Toyoura sand in evaluating initial 
plastic strain 
 
Parameter SPL MWL 
A 80 ~ 112 16.8 ~ 17.1 
B -1.92 ~ -2.12 -1.11 ~ -1.14 
C -8*10-3 ~ -2.5*10-2 -2.2*10-3 ~ -3.4*10-3 
D -0.02 ~ -0.03 -0.01 ~ -0.02 
E 2 or 3 2 or 3 
J 0.3 ~ 2.1 0.5 ~ 3.56 
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Figure 8-14 Comparison of initial plastic strain between measured and predicted: (a) 
subgrade density, (b) soil water content 
Rates of cumulative plastic strain of soil under both SPLs and MWLs can be 
considered as function of soil density, water content and loading frequency, as shown 
in Figure 8.13. Considering their typical behaviour, Eq. 8.3 was developed to predict 
the β for any loading conditions. Table 8.2 illustrates the typical ranges of each 
constant defined in this equation. Figure 8.15 (a) and (b) compares the predicted and 
measured values of 𝛽𝑀𝑀𝑀  from Eq. 8.2 for soil density and water content, 
respectively. As illustrated, the prediction equations are capable to predicate values 
of 𝛽𝑀𝑀𝑀  for an acceptable level.   
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𝛽𝑆𝑆𝑀 ,𝛽𝑀𝑀𝑀 =(𝐴′𝑒𝑒𝑒𝐵′𝐵) +  �𝐶′
𝑓
 � + 𝐷′𝑒𝑒𝑒𝐸′𝑤                                                                               Eq. 8.2  
 
Table 8-2Typical values of material constants of Toyoura sand in evaluating rate of 
cumulative plastic strain 
 
Parameter SPL MWL 
A’ 9701 ~ 7.6 24.7 ~ 8.8 
B’ -7.249 ~ -2.9 -1.98 ~ -1.33 
C’ -7.2*10-4 ~ -2.2*10-3 -6.6*10-3 ~ -2.0*10-2 
D’ 0.142 ~ 0.155 -0.089 ~ -.0175 
E’ -.0697 ~ -0.026 0.0313 ~ 0.0533 
 
Figures 8.14 – 8.15 illustrate that proposed equations are appropriated to predict both 
α and β under any cyclic loads. Since α and β can be predicted from Eqs. 8.2 -8.3, the 
cumulative plastic deformation/strain can be easily foretold by using Eq. 8.1. 
However, all these equations are based on several experiment series. Therefore, there 
is still room for further investigation into the validity of these equations by increasing 
the range of these factors.       
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Figure 8-15 Comparison of rate of progressive between measured and predicted: (a) 
subgrade density, (b) soil water content 
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Chapter 9: Effects of PSAR of cyclic plastic 
deformation 
9.1 CALCULATION OF ROTATIONAL ANGLE OF PRINCIPAL STRESS 
AXIS 
Replicating the principal stress axis rotation in geo-materials by moving wheel loads 
can accurately estimate the stress state in rail track subgrade. The rotational angle of 
principal stress axis (φ) can be estimated using principal stresses (σ1, σ2, σ3) as 
shown in Eqs 2.8 – 2.12, where σ1, σ2, σ3 are major principal stress, intermediate 
principal stress, and minor principal stress, respectively. To calculate these three 
principal stresses, the coefficient of earth pressure at rest (K0) can be used and it can 
be calculated using Jáky’s formula as given in Eq. 2.12. Change in K0 during cyclic 
loading tests with number of loading cycles due to change of subgrade density is 
assumed to be insignificant in estimating rotation angle of principal stress axis under 
small strain conditions. Tables 6.1 and 6.2 illustrate the estimated K0 for air-dried 
and unsaturated Toyoura sand by using static torsional shear test results. Influence of 
pore-water pressure generation on K0 during loading cycles can be neglected, since 
all these experiments were performed under consolidated drained (CD) conditions. 
Lateral stress, σr is assumed constant during the tests as σr was not measured in this 
study.  
Figure 9.1 illustrated the applied waveform (axial and shear stresses) in the MMRS 
apparatus to replicate the moving wheel loading conditions. Four positions shown in 
Figure 9.1 represent critical changes of both the magnitude and rotation angle of 
principal stress axis in a selected soil element with the location of the wheel.  Figures 
9.2 – 9.5 illustrate the stress states of the soil element inside the MMRS apparatus 
under cyclic moving wheel loading conditions, corresponding to the location of the 
wheel. For this illustration, an air-dried Toyoura sand specimen with density of 1.56 
g/cm3 under wheel speed of 600 mm /min (0.0059 Hz) is selected. For the selected 
soil specimen, the amplitudes of vertical and shear stresses were 80.12 kPa and 13.12 
kPa, respectively. Only for this illustration, the overburden pressure on the soil 
element is assumed as 9.21 kPa. K0 is selected as 0.532 by referring to Figure 6.3 
and Table 6.1. Each of these figures contains the stress state of the MMRS test (in 
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table) and corresponding Mohr’s cycle with principal stresses and rotational angle of 
principal stress axis. 
 
Figure 9-1 Stress states of MMRS moving wheel load selected for Mohr’s cycles 
 
Figure 9.2 shows the stress state of the selected soil element, when wheel is at a 
distance of 850 mm. This distance represents the optimum distance, where the effects 
of wheel are no longer significant on the selected soil element. As there is no axial 
deviator stress on the soil element, only overburden stress is effective and shear 
stress is equal to zero. Therefore, σ1 and σ3 are equal to axial and lateral shear 
stresses, respectively. Further, the rotational angle of principal stress axis becomes 
zero as shown in Figure 9.2. Normally, during the wheel movement towards the soil 
element, both axial and shear stresses on the soil element increase with position of 
the wheel. Figure 9.3 shows the stress state of the soil element, when wheel is at a 
distance of 425 mm. At this position, shear stress reaches to its maximum, which is 
equal to the amplitude of shear stress in the MMRS moving wheel load. In position 
2, axial and shear stresses are 49.21 (including overburden stress) kPa and 13.1 kPa, 
respectively under the MMRS moving wheel load. Under these stress conditions, σ1  
and σ3 are equal to 55.1 kPa and 20.2 kPa as shown in Figure 9.3. With increasing 
shear stress, the rotation angle of principal stresses increases up to 24.20. 
 Position 1 
 Position 2 
 Position 3 
 Position 4 
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With the moving wheel towards the soil element, it reaches to Position 3 that 
replicates the stress state of the soil element, when applied load is located on the 
element. This stress state is equal to the stresses produced by the triaxial compression 
test. At this location, axial stress is equal to its maximum (the amplitude of axial 
stress), while shear stress reaches to zero. At this position, the rotation angle of the 
principal stress axis becomes zero due to the absence of shear stress. Only axial and 
overburden stresses are effective in controlling the principal stresses. Therefore, σ1 
and σ3 are equal to axial and lateral stresses, respectively as shown in Figure 9.4. 
When the wheel moves away from the soil element, shear stress gradually increases 
with a change in the phase by 1800. Figure 9.5 illustrates the stress state of the soil 
element, when wheel is at a distance of 425 mm away from the soil element. The 
stress state at this position is equal to the stresses of position 2. The magnitude of the 
rotational angles of principal stress axis are also similar. However, the phase of the 
angle is changed by 1800 due to change in the direction of shear stress.   
Since K0 can fluctuate the rotational angle of principal stress axis during a loading 
cycle, the effects of subgrade density on the rotational angle of principal stress axis 
were evaluated. As shown in Figure 9.6, K0 is a function of subgrade density. For 
this calculation, only the deviator stress during both loading and unloading was 
selected by neglecting the overburden stress. Therefore, the rotational angle values 
shown in Figure 9.6 may be slightly lower than Figures 9.2 – 9.5. To develop Figure 
9.6, amplitudes of axial and shear stresses were considered as 80.12 kPa and 13.12 
kPa, respectively. Figure 9.6 illustrates change of the rotational angle of air-dried 
subgrades with different densities for one loading cycle under moving wheel-loading 
conditions. The loading frequency of the moving wheel load was 0.0059 Hz. Similar 
to Figures 9.1 – 9.5, the sign for the rotational angle of the principal stress axis 
continuously changes from positive to negative corresponding with the sign of cyclic 
shear stress. Magnitude of maximum rotational angle decreases with the density of 
subgrade as K0 reduces with subgrade density, as shown in Figure 9.6. Therefore, it 
can be concluded that materials with lower density are subjected to higher rotation of 
principal stress axis. Further, this higher rotation of principal stress axis can produce 
a higher plastic deformation since it reduces the shear resistance between soil 
skeleton during the loading cycle. 
 
 176 Chapter 9: Effects of PSAR of cyclic plastic deformation 
 
 
 
Figure 9-2 Stress state of soil element when wheel is at 850 mm distance toward soil 
element 
 
 
 
 
Position σa (kPa) σr (kPa) τaθ (kPa) 
1 9.21 4.9 0.0 
 
X 
600 mm/min 
σr 
τaθ 
σr 
τaθ 
σa 
σa 
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Figure 9-3 Stress state of soil element when wheel is at 425 mm distance toward soil 
element 
 
 
 
 
 
 
 
600 mm/min 
σr 
τaθ 
σr 
τaθ 
σa 
σa 
X 
Position σa (kPa) σr (kPa) τaθ (kPa) 
2 49.27 26.08 13.12 
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Figure 9-4 Stress state of soil element when wheel is above the element 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
600 mm/min 
σr 
τaθ 
σr 
τaθ 
σa 
σa 
X 
Position σa (kPa) σr (kPa) τaθ (kPa) 
3 89.3 47.4 0.0 
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Figure 9-5 Stress state of soil element when wheel is at 425 mm distance away from 
soil element 
 
Figure 9.7 further shows mean principal stress and rotation angle of principal stress 
axis relationships of air-dried subgrade under single point loads and moving wheel 
loads within one loading cycle. Subgrade with density of 1.56 g/cm3 was loaded 
under both single point loading and moving wheel loading conditions at a loading 
frequency of 0.0059 Hz. During a loading cycle, rotation angle of principal stress 
axis changes under each loading method, while the mean principal stress has a 
similar value. Due to a change of shear stress, the rotation angle of principal stress 
axis keeps a constant (0 kPa) with mean principal stress in cyclic single point loading 
test, while the rotation angle of principal stress axis varies in cyclic moving wheel 
600 mm/min 
σr 
τaθ 
σr 
τaθ 
σθ 
σθ 
X 
Position σa (kPa) σr (kPa) τaθ (kPa) 
4 49.27 26.08 -13.12 
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loading test. Similar behaviour was found in granular materials under both train and 
vehicle loads in multi-ring shear loading (Inam et al., 2012; Ishikawa et al., 2011). 
 
Figure 9-6 Variation of rotation angle of principal stress axis of air-dried subgrades 
under moving wheel loads 
 
 
 
Figure 9-7 Rotation angle of principal stress axis - mean principal stress relationships 
under cyclic loading methods 
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9.2 EFFECTS OF PSAR ON DEFORMATION BEHAVIOUR OF 
TOYOURA SAND 
To investigate the effects of the PSAR on the axial plastic deformation of soil, a 
series of the MMRS tests was conducted on air-dried Toyoura with the dry densities 
of 1.56 g/cm3, 1.58 g/cm3, and 1.60 g/cm3. For each dry density, three specimens 
were prepared and subjected to three different loading conditions: static torsion shear 
with constant shear strain rate of 0.1 %/min until 3% shear strain was reached; cyclic 
single point loading (SPL); cyclic moving wheel loading (MWL) as given in table 
3.3. Both cyclic SPL and MWL were applied with the frequency of 0.0059 Hz. 
Figure 9.8 depicts how the plastic axial deformation at 100th loading cycles (in static 
torsion shear tests, it is axial strain at 3% shear strain) varies with loading methods 
and dry density of soil. It is important to note that both elastic and plastic 
deformations are included in the axial strain values measured using static shear 
loading conditions, while only plastic axial deformation is considered in cyclic single 
point loading and cyclic moving wheel loading conditions. As shown in Figure 9.8, 
irrespective of the loading method, the cumulative axial plastic deformation 
decreases with the increase in soil dry density. The void ratio of soil reduces, when 
soil become denser. This reduction of void ratio can reduce the deformation 
irrespective to the loading method as shown in Figure 9.8. Further, the MWL 
introduces greater plastic vertical deformation compared to other loading methods, 
which do not replicate the PSAR. Under constant cyclic axial stress, occurrence of 
the rotation of principal stress axis due to a change in shear stress results in this 
higher plastic deformation under the MWL conditions. Even a static torsion shear 
test can change the shear stress with a constant axial load; the absence of cyclic 
behaviour reduces the particle rearrangement/movement during shearing. This is a 
key reason for this lowest deformation under static torsional shear tests. This 
indicates that the cumulative plastic deformation of soil under train load is highly 
influenced by loading method and subgrade density. The effects of the PSAR 
critically affect the cumulative plastic deformation of rail track subgrade material. 
Therefore, cyclic loading with the PSAR effects can produce more reliable 
deformation characteristics under the real train loads.         
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Figure 9-8 Effects of density and loading method on plastic deformation of soil 
To investigate the effects of the PSAR on the plastic deformation of unsaturated 
soils, a series of the MMRS tests were performed on unsaturated Toyoura sand with 
water contents of 0.05%, 7.8%, 9.6%, and 14%. All specimens were prepared with a 
constant density of 1.463 g/cm3, and then subjected to three loading conditions: static 
torsional shear, SPL, and MWL as given in Table 3.5.   
Figure 9.9 illustrates the plastic deformation – subgrade water content relationships 
under different loading methods. Plastic deformation of cyclic loads were obtained at 
200 loading cycle, while at shear strain of 3% for static torsional shear tests. From 
these three experimental methods, the static torsional shear test produces the 
minimum plastic strain irrespective to the subgrade water content. The plastic 
deformation of unsaturated soil increases with increasing soil water content. 
However, there is no significant variation of the plastic deformation of soil between 
water contents of 9.6% and 14% as shown in Figure 9.9. Normally, friction between 
soil skeleton and water menisci can control the plastic deformation (compression) of 
unsaturated soil. In oven-dried/air-dried soils, water menisci effects are insignificant 
and with increasing soil water content, the effects can’t be neglected. Since 
increasing water content of air-dried soil can reduce the friction between soil 
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skeletons, the plastic deformation increases with increasing water content of soil. 
However, the water menisci effects on the plastic deformation of soil become 
significant with this water content increment by enhancing the resistance to 
compression/particle movement. The apparent maximum (optimum) of plastic 
deformation between soil water content of 9.6% and 14% is an outcome of this 
enhancement of the water menisci effects. Summarising all these facts, this indicates 
that without the cyclic behaviour, static torsional shearing is unable to produce a 
higher plastic deformation of unsaturated soil and this loading method is not a good 
solution for measuring deformation characteristics of rail track subgrade materials 
under real traffic loads. 
With the effects of the cyclic loading behaviour, both cyclic single point and cyclic 
moving wheel load produce higher plastic deformation compared to static torsional 
shear tests regardless of water content of soil, as shown in Figure 9.9. Air-dried soil 
has minimum plastic deformation under cyclic single point load. Increasing water 
content of air-dried soil causes an increase of the cumulative plastic deformation 
until water content reaches to 7.8%. Further increment of water content results in an 
optimum cumulative plastic deformation and a local minimum at water contents of 
7.8% and 9.6%, respectively. As explained, the reduction of the friction force 
between soil skeleton with increasing water content results in higher plastic 
deformation. However, enhancing the normal force in the plane of contact of soil 
particles due to the water menisci effects can increase the inter-particle bonding. This 
leads to a higher resistance to compression under cyclic loads. Further increasing 
water content weakens both water menisci effects and the frictional force between 
soil particles by introducing a higher plastic deformation. These are the possible 
explanations for the optimum and the local minimum plastic deformation under 
cyclic single point loading conditions.  
Cyclic moving wheel load also produces an optimum and a local minimum 
cumulative plastic deformation at water contents of 7.8% and 9.6%, respectively as 
shown in Figure 9.9. Change of the water menisci effects and frictional force 
between soil particles with increasing water content is a possible clarification for this 
behaviour. Disparate to cyclic single point loads, soil with a water content of 9.6% 
has the minimum cumulative plastic deformation under cyclic moving wheel loads. It 
is approximately 24% lower than in the air-dried specimen. Furthermore, this soil 
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water has the minimum difference between the cumulative plastic axial strains 
obtained by cyclic single point and cyclic moving wheel loads. This is an indicator 
that the water menisci effects under cyclic moving wheel loads are more important in 
controlling the cumulative plastic deformation of soil than cyclic single point loads. 
The presence of cyclic shear stress under the PSAR effects may enhance the shear 
resistance of the water menisci by introducing the lowest cumulative plastic 
deformation, as shown in Figure 9.9.       
Summarising, it can be concluded that subgrade water content significantly 
influences the cumulative plastic deformation of unsaturated soil irrespective of the 
loading method. The optimum (maximum) plastic deformation of unsaturated soil 
depends on the soil water content and the loading method. Cyclic loading methods 
cause both the optimum and the local minimum at similar water contents. However, 
the optimum plastic deformation was shifted to a higher soil water content under 
static torsional shear load compared to cyclic loads. Further, the water menisci 
effects control the plastic deformation of soil irrespective of the loading method and 
it becomes significant under the effects of the PSAR compared to other loading 
methods.  
 
 
Figure 9-9Effects of subgrade water content and loading method on plastic 
deformation of soil 
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9.3 ESTIMATING CUMULATIVE PLASTIC DEFORMATION 
INTRODUCED BY PSAR USING CONVENTIONAL CYCLIC 
TRIAXIAL TESTS 
The rotation of principal stress axis in subgrade materials is produced under the 
moving train load of a rail track as the train approaches and then passes a given 
location along the track. An appropriate loading method for laboratory element tests 
is therefore important to replicate the PSAR effects on the cumulative plastic 
deformation of rail track subgrade materials due to difficulties associated with other 
methods, such as model and full scale field tests. The MMRS (experimental 
apparatus proposed in this research work) or hollow cylindrical torsional shear 
apparatus are the most suitable simple laboratory element tests for investigating these 
phenomena. However, these laboratory element test methods are rarely available. It 
is therefore important to develop an approach to account for the effects of the PSAR 
by using conventional experimental test results. The MMRS cyclic single point 
loading conditions are easily replicated in the conventional cyclic triaxial 
compression test, which is cheap to perform and commonly available. Therefore, a 
method to estimate the cumulative plastic deformation introduced with the effects of 
the PSAR using cyclic triaxial (cyclic single point load) apparatus is important for 
the practical applications.          
Ishikawa et al. (2011) suggested the ratio of axial strain (Rs) calculated by the 
cumulative plastic deformation under cyclic single point load test, 𝜀𝑐𝑆𝑆 and cyclic 
moving wheel load test, 𝜀𝑐𝑀𝑀 as given in Eq. 9.1, is an indicator of the effects of the 
PSAR on the cumulative plastic deformation characteristics of granular materials. If 
the ratio of axial strain and the cumulative plastic deformation under cyclic single 
point load tests are known, the actual plastic deformation with the PSAR effects can 
be easily estimated. This equation was therefore adopted for this research work in 
developing a method to account for the effects of the PSAR on the cumulative plastic 
deformation of subgrade materials. Effects of soil density, water content and loading 
frequency on Rs were evaluated here. Figures 9.10 – 9.12 illustrate the effects of 
these three selected factors on Rs. For all these conditions, Rs is approximately 
constant irrespective of number of loading cycles, although the magnitude depends 
on loading frequency, soil density, and soil water content. This indicates that Rs is 
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one of best approximations to account for the effects of the PSAR in the cumulative 
plastic deformation of soil measured from the cyclic triaxial compression tests.     
Rs = εcMWεcSP                                                                                                                           Eq. 9.1 
9.3.1 Effects of soil density on ratio of axial strain 
To evaluate the effects of soil density on Rs, a series of MMRS cyclic single point 
and moving wheel loads was performed by using air-dried Toyoura sand specimens 
with densities of 1.56 g/cm3, 1.58 g/cm3, and 1.6 g/cm3. These specimens were 
cyclically loaded with axial and shear stress amplitudes of 80.12 kPa and 13.12 kPa, 
respectively, in moving wheel loads, with zero shear stress and axial stress amplitude 
of 80.12 kPa in single point loads as given in Table 3.3. All experiments were 
performed with a constant frequency of 0.0059 Hz. 
Figure 9.10 shows the change of the ratio of axial strains of soils with different 
densities and number of loading cycles. Rs increases with increases in subgrade 
density irrespective of the number of loading cycles. As shown in Figure 9.8, both 
cyclic single point and moving wheel loads can introduce higher cumulative plastic 
deformation in soil with low density due to higher void ratio. However, increasing 
relative compaction (subgrade density) reduces the void ratio of soil and this resists 
the plastic deformation of soil with higher density under cyclic single point loads. As 
moving wheel load can cyclically change the shear stress, it can enhance the ability 
of particle rearrangements of soils more than single point loads. This may be a 
possible reason for the increase of Rs with increasing subgrade density as shown in 
Figure 9.10.  
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Figure 9-10 Ratio in axial strain – subgrade density relationships of air-dried soils 
9.3.2 Effects of loading frequency on ratio of axial strain 
The effects of loading frequency on Rs were investigated through a series of cyclic 
single point and moving wheel loads, performed on air-dried Toyoura sand samples 
with a constant density of 1.56 g/cm3. These prepared samples were loaded similar to 
section 9.3.1 with frequencies of 0.0059 Hz and 0.0167 Hz. These two frequencies 
represent the wheel velocities of 600 mm/min and 1700 mm/min, respectively, in the 
model tests.  
Figure 9.11 illustrates the effects of loading frequency and number of loading cycles 
on Rs. The loading frequency however creates an insignificant impact on Rs 
compared to the subgrade density. Two loading frequencies examined in this 
research work show that Rs varies between 1.4 and 1.5. As there is no change in the 
properties of soil material, the cumulative plastic deformation only depends on the 
effects of PSAR and loading frequency. As higher loading frequency provides 
insignificant time for the particle rearrangement under any loading method, soil 
subjected to lower loading frequency results in a higher cumulative plastic 
deformation compared to the higher loading frequency regardless to the loading 
method. This may be a possible reason behind such an insignificant influence 
introduced by the loading frequency with constant subgrade density on Rs. 
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Figure 9-11 Ratio in axial strain – loading frequency relationships of air-dried soils 
9.3.3 Effects of subgrade water content on ratio of axial strain 
To investigate the effects of subgrade water content on Rs, a series of cyclic single 
point and moving wheel load was performed on unsaturated Toyoura sand specimens 
with constant density and loading frequency of 1.463 g/cm3 and 0.0059 Hz. These 
specimens were then tested with axial and shear stress amplitudes of 65.3 kPa and 
18.1 kPa, respectively, in moving wheel loads, while zero shear stress and axial 
stress amplitude of 65.3 kPa in single point loads are given in Table 3.6.   
Figure 9.12 shows the effects of soil water content and number of loading cycles on 
Rs. An air-dried sample has the greater Rs value, while there is no apparent influence 
on Rs with increasing soil water content. When water content reaches to 7.8%, 9.6%, 
and 14%, Rs approximately reduces by 54%, 60%, and 50% compared to air-dried 
specimens. This reduction of Rs follows the water menisci effects on the cumulative 
plastic deformation under cyclic moving wheel loads, as explained in Figure 9.9. 
This indicates that water menisci effects are a possible reason for this insignificant 
response of Rs with increasing water content compared to air-dried samples.        
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Figure 9-12 Ratio in axial strain – soil water content relationships of unsaturated 
soils 
9.3.4 Development of relationships to predict Rs using load and material 
properties 
Since ratio of axial strain is approximately constant with number of loading cycles 
irrespective to loading frequency, soil density, and soil water content, Rs can be used 
to account the effects of the PSAR on the cumulative plastic deformation measured 
from cyclic triaxial compression tests. There are requirements of the development of 
relationships to account for these factors on Rs since these factors control the ratio of 
axial strain as illustrated in Figures 9.10 – 9.12.  
The cyclic loads in excess of the elastic shakedown limits cause cumulative plastic 
deformation (Wang & Yu, 2013; Yu, 2005; Yu & Wang, 2012). Eq. 9.2 was 
developed by Ishikawa et al. (2011) to account for the loading properties on Rs, after 
referring to Brown et al. (2008) observation on the shakedown conditions. They 
showed that shakedown conditions can be determined by the radius of applied area, 
strength parameters and applied shear to normal load ratio. Since Eq. 9.2 is based on 
the observations in cohesive-frictional materials and it was previously used by 
Ishikawa et al. (2011) with ballast materials, this study assumed Eq. 9.2 is suitable to 
estimate the influence of load properties on Rs of Toyoura sand specimens.       
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(𝑅𝑠)𝑎𝑎𝑎 = 𝑒(𝐴(𝜏𝑎𝑎)𝑚𝑎𝑚 (𝜎𝑎)𝑚𝑎𝑚� )                                                                                      Eq. 9.2 
where: 
(Rs)avg: average ratio of axial strain 
(τaθ)max: maximum shear stress  
(σa)max: maximum axial stress  
A: a constant depending on test sample 
Using Eq. 9.2, A was found as 1.8 for air-dried Toyoura sand with a density of 1.56 
g/cm3. As shown in Figures 9.11 and 9.12, loading frequency and higher subgrade 
water content do not significantly influence Rs. Considering these facts, Eq. 9.3 was 
developed to estimate Rs using maximum shear and axial stresses and soil density for 
any given loading frequency and soil water content. If three constants (A, B, C) are 
known for any given soil material, Rs can be easily estimated by using Eq. 9.3. 
Maximum shear and axial stresses of soil under any axle load can be found with 
either analytical or FE methods.  Table 9.1 illustrates the typical values of constants 
defined in this equation.  
(𝑅𝑠)𝑎𝑎𝑎 = 𝑒(𝐴(𝜏𝑎𝑎)𝑚𝑎𝑚 (𝜎𝑎)𝑚𝑎𝑚� ) +  𝐵𝑒(𝐶𝐵)                                                                   Eq. 9.3 
where: 
ρ: soil dry density (g/cm3) 
A, B, C: constant depending on test sample 
Figure 9.13 illustrates the predicted results from using Eq. 9.3 for air-dried Toyoura 
sand samples with densities of 1.56 g/cm3, 1.58 g/cm3, and 1.6 g/cm3. These samples 
were tested with axial and shear stress amplitudes of 81.12 kPa and 13.12 kPa, 
respectively and a loading frequency of 0.0059 Hz. These predicted values agree 
well with the experimental values.  
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Figure 9-13 Prediction of average ratio of axial strain using material and load 
properties 
 
 
 
 
 
 
 
 
Table 9-1 Typical values of material constants of Toyoura sand in evaluating average 
ratio of axial strain 
 
 
Parameter Typical values 
A 1.8 ~ 2.5 
B 6.44*10-22 ~ 1.65*10-89 
C 30.9 ~ 80.17 
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Chapter 10: Conclusions and 
Recommendations  
10.1 CONCLUSIONS 
The extensive literature review conducted in this research revealed the plastic 
deformation of subgrade soil as the major cause for railway track degradation. It was 
found that the plastic deformation of subgrade material was introduced by a number 
of factors such as subgrade density, moisture content, particle size distribution, 
magnitude of loading, and principal stress axis rotation (PSAR) due to the moving 
load. None of the railway track design guides in the world considers the effects of the 
PSAR on the subgrade deformation. However, the PSAR introduces significant 
plastic deformation in the subgrade during the lifetime of a rail track. The main 
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reason for neglecting the PSAR effect on subgrade deformation could be the 
unavailability of a common laboratory testing apparatus to test the material under the 
PSAR. The conventional cyclic triaxial apparatus can test material under cyclic 
single point load (SPL) condition, where the vertical stress is applied as a cyclic load, 
keeping a constant confining stress. This SPL condition cannot simulate the PSAR. 
Only the hollow cylinder torsion shear triaxial apparatus can successfully simulate 
the PSAR in the laboratory, however, this is very sophisticated/complicated, requires 
very high technical skill, and is highly time consuming.  
Therefore, main aim of this study investigated the use of the hollow cylindrical ring 
shear apparatus as a new testing method to assess the effect of the PSAR on plastic 
deformation granular material. Further, the following objectives were achieved in 
this study: 
• Modify the hollow cylindrical multi-ring shear apparatus to test fine-grained 
subgrade material and validate the performance of the modified apparatus 
(MMRS) in assessing the PSAR effects on the plastic deformation 
• Using the MMRS apparatus, demonstrate the effects of loading methods, 
loading frequency, soil moisture, soil density, and particle size distribution on 
plastic deformation of materials using Toyoura sand and glass beads 
• Develop empirical methods and constitutive relationships to estimate plastic 
deformation introduced by the moving wheel load (PSAR). 
• Simulate the performance of the MMRS testing and the moving wheel load 
model testing numerically using ABAQUS FEM software. 
The following sections conclude the achievement of the above objectives. 
10.1.1  Modification to multi-ring shear apparatus (MMRS) and validation of 
its performance 
The conventional multi-ring shear apparatus is unable to be used for fine-grained 
soils such as subgrade materials as the fine particles move in between rings and 
introduce frictional errors. In this study, the apparatus was modified by introducing 
two membranes (inner and outer) to confine the specimen (Chapter 3). The effects of 
membranes were assessed by performing MWL, SPL, and static torsional shear tests 
on glass beads with and without membranes. It was then suggested to apply 10% 
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more vertical stress and 5% more shear stress than the respective targeted values to 
overcome the membrane effects (Chapter 3). 
The results of the static torsion shear test conducted on Toyoura sand using hollow 
cylindrical torsional shear triaxial apparatus were compared with the results obtained 
from the MMRS under the same stress and sample conditions with the membrane 
correction. The good agreement of these results (Figure 5.7) verified the performance 
of the MMRS for static torsional shear tests. Further, the plastic vertical deformation 
measured in the small-scaled model test (moving wheel load) agreed well with that 
measured in the MMRS apparatus for the similar stress conditions (simulated moving 
wheel loading conditions) (Figure 5.6) on Toyoura sand with membrane correction. 
These two comparisons validate the performance of the MMRS to simulate the static 
shear and moving wheel loading (with the PSAR) conditions. 
10.1.2  Effects of deferent parameters on plastic deformation of soil 
A series of the MMRS tests was conducted on Toyoura sand to investigate the effects 
of loading methods, loading frequency, soil density, and soil water content on the 
axial plastic deformation. The results of the test series suggest the following 
conclusions: 
• MWL method that replicates PSAR introduced 50% - 150% more plastic 
deformation than the SPL, which is simulated in the traditional cyclic triaxial 
apparatus (Figures 9.8 and 9.9). Therefore, the railway track design based on 
SPL tests underestimates the actual plastic deformation caused by the moving 
train load. This leads to introduce frequent maintenance cycles than the 
predicated.  
• The higher loading frequency tests reduced the accumulation of plastic 
deformation (Figure 8.3) 
• The accumulated plastic deformation decreases with increasing the density of 
soil (Figure 8.6) 
• The accumulated plastic deformation increases with increasing the soil water 
content (Figure 8.10) 
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The above results emphasise the importance of taking the PSAR, loading frequency, 
soil density and soil water content into account in the design of railway track 
subgrades. 
10.1.3  Development of methods to estimate plastic deformation induced by 
PSAR 
Performing experiments to measure the cumulative plastic deformation of soil is a 
time consuming and costly approach. Therefore, a prediction equation was derived to 
predict the cumulative plastic deformation (Ɛap) with number of loading cycles (Nc) 
under MWL by using a series of the MMRS tests, which were conducted on Toyoura 
sand specimens as follows; 
𝜀𝑎𝑝 = αNcβ       
The good agreements of measured and predicted cumulative plastic deformation 
(Figures 8.10 and 8.11) as functions of the initial plastic strain (α) and the rate of 
progressive settlement (β) confirm the validity of this equation in predicting the 
cumulative plastic deformation of soils with and without the effects of the PSAR. 
Both α and β are functions of soil density, water content, and loading frequency 
under any loading method (Figure 8.12). Values of α and β suggest following 
conclusions; 
MWL caused 10% - 200% more initial plastic settlements than the SPL, while the 
rate of progressive settlement was increased by 10% - 50%. 
Both α and β decrease with increasing subgrade density, soil water content, and 
loading frequency (Figure 8.12). 
To account for these variations of α and β, two relationships were developed. The 
measured and predicted values agreed well with similar conditions (Figures 8.13 and 
8.14). Therefore, these two relationships are suitable to predict α and β, and then the 
cumulative plastic deformation with the effects of density, water content, and loading 
frequency under any cyclic loading method. Table summarise the typical values 
derived for proposed constants. 
𝛼𝑆𝑆𝑀,𝛼𝑀𝑀𝑀 = (𝐴𝑒𝑒𝑒𝐵𝐵) +  �𝐶𝑓 � + 𝐷 �𝑂𝑂𝐶𝜀𝑎𝑎 − 𝑤�𝐸 + 𝐽       
Parameter SPL MWL 
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A 80 ~ 112 16.8 ~ 17.1 
B -1.92 ~ -2.12 -1.11 ~ -1.14 
C -8*10-3 ~ -2.5*10-2 -2.2*10-3 ~ -3.4*10-3 
D -0.02 ~ -0.03 -0.01 ~ -0.02 
E 2 or 3 2 or 3 
 
𝛽𝑆𝑆𝑀 ,𝛽𝑀𝑀𝑀 = (𝐴′𝑒𝑒𝑒𝐵′𝐵) +  �𝐶′𝑓  � + 𝐷′𝑒𝑒𝑒𝐸′𝑤                                                                     
Parameter SPL MWL 
A’ 9701 ~ 7.6 24.7 ~ 8.8 
B’ -7.249 ~ -2.9 -1.98 ~ -1.33 
C’ -7.2*10-4 ~ -2.2*10-3 -6.6*10-3 ~ -2.0*10-2 
D’ 0.142 ~ 0.155 -0.089 ~ -.0175 
E’ -0.0697 ~ -0.026 0.0313 ~ 0.0533 
 
The laboratory element experimental methods to replicate the stress state of MWL 
are rarely available. Therefore, it is important to estimate the PSAR induced plastic 
deformation by using conventional triaxial tests (SPL). A relationship was developed 
to account for the PSAR effects of soil into the SPL test results by using the ratio of 
axial strain as follows; 
Rs = εcMWεcSP  
Results of estimated Rs suggest the following conclusions; 
Rs of soil is constant irrespective to loading cycle number with functions of loading 
frequency, soil density and soil water content. 
Loading frequency and increasing soil water content cause insignificant influence on 
the Rs. 
Increasing density increases the Rs.  
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Therefore, the following relationship was developed to account for the dependency 
of Rs on the soil density. Typical values of the derived relationship were summarised 
in Table 9.1.    
(𝑅𝑠)𝑎𝑎𝑎 = 𝑒(𝐴(𝜏𝑎𝑎)𝑚𝑎𝑚 (𝜎𝑎)𝑚𝑎𝑚� ) +  𝐵𝑒(𝐶𝐵)                   
The most important feature of the MMRS apparatus is its capability to produce the 
stress state on its specimens, which is similar to field conditions. Therefore, these 
developed relationships from the MMRS test results are able to predict the realistic 
plastic deformation characteristics of subgrade materials under MWLs, and results 
can be incorporated in real rail track designs. 
10.1.4 FE simulation of MMRS testing and moving wheel load model test 
It is not feasible to investigate all design parameters required to evaluate the 
performances of subgrade materials of a rail track through experimental 
investigations. Furthermore, in the experimental parametric study, higher axle loads 
and train speeds are unable to examine by using the MMRS apparatus. Therefore, a 
FE analysis was performed by using ABAQUS software to investigate the 
applicability of the MMRS test results in evaluating subgrade performance of a rail 
track under the effects of the PSAR with higher axle loads and train speeds. Some 2-
D FE models were developed to simulate the MMRS MWL and SPL tests by 
referring the moving wheel model test conditions. After linear-elastic and elastic-
plastic FE analyses, the following conclusions are obtained for one loading cycle.  
• Both axial and shear stresses measured from the model and the MMRS tests 
under SPL and MWL agreed well with stresses measured from a linear elastic 
FE analysis. 
• The comparison between the measured and simulated plastic strains of air-
dried and unsaturated Toyoura sand under the MMRS MWL and SPL test 
conditions agreed well.  
• FE models under the MWL conditions produce higher plastic strain compared 
to the SPL conditions. Therefore, these developed FE models can simulate 
the underestimation of the plastic strain under the SPL test, which is the 
common experimental/design approach. 
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10.2 RECOMMENDATIONS FOR FUTURE STUDIES 
The following recommendations are suggested to enhance the understanding of the 
plastic deformation characteristics of rail track subgrade with the effects of PSAR 
using the MMRS testing procedure, as the above conclusions are obtained from 
limited test conditions and analyses. 
• Investigate the membrane correction as a function of grain-size distribution of 
text material, stress amplitude, loading frequency, soil density and soil water 
content.  
• Investigate plastic cyclic behaviour of natural subgrade material using 
MMRS and validate the laboratory testing with small-scaled model test with 
moving load and field monitoring data.  
• Enhance and validate the developed plastic deformation predictive methods 
for natural subgrade material. 
• Develop more sophisticated FEM model to simulate the PSAR induced 
plastic deformation at any given loading cycle by considering soil density, 
water content, loading magnitude, loading frequency. Validate the FEM 
model from laboratory element tests, small-scaled moving wheel load model 
test, and field monitoring data.  
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